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References  405 Summary 
This  thesis  presents  experimental  and  computational  results  on  reinforced  and 
partially  prestressed  concrete  hollow  and  solid  beams  subjected  to  combined 
bending  moment,  torsion  and  shear  force.  The  beams  were  designed  using  the  direct 
design  method  which  is  based  on  the  theory  of  plasticity.  Nielsen's  2-D  yield 
criterion  for  reinforced  concrete  subjected  to  in-plane  forces  was  the  basis  of  the 
design  of  reinforcement.  Elastic  stress  distribution  was  used  for  the  design  of  hollow 
beams  and  the  partially  prestressed  solid  beams  while  the  design  of  reinforced  solid 
beams  was  based  on  a  stress  distribution  obtained  from  a  detailed  study  of  the  stress 
distribution  using  non-linear  analysis.  The  main  variables  studied  were  the  ratio  of 
torsion  to  bending  moment  and  the  ratio  of  maximum  shear  stress  due  to  torsion  to 
the  maximum  shear  stress  due  to  shear  force. 
The  experimental  work  consisted  of  testing  eleven  reinforced  and  partially 
prestressed  hollow  beams,  and  six  reinforced  and  partially  prestressed  solid  beams. 
The  beam  outer  dimensions  were  MOW=  and  3800mm  long.  Hollow  beams 
had  a  wall  thickness  of  50mm.  Average  concrete  cube  strength  was  46N/mmý.  The 
average  yield  strength  of  the  reinforcement  was  490N/mm  2.5mm,  diameter 
prestressing  wires  with  an  yield  strength  of  1570N/mm  2  were  used. 
The  computational  work  involved  non-linear  analysis  using  2-D  finite  element 
program  for  the  analysis  of  the  hollow  beams  and  3-D  program  for  the  analysis  of 
the  solid  beams.  The  concrete  model  in  the  2-D  program  was  based  on  work  of 
Kupfer-Hilsdorf  and  in  the  3-D  program  was  based  on  work  of  Kotsovos. 
Good  agreement  was  achieved  between  the  experimental  and  design  values  as  well 
as  between  the  experimental  and  non-linear  analysis  in  most  cases.  Large  variations 
in  the  ratio  of  torsion  to  bending  moment  and  the  ratio  of  shear  stress  due  to  torsion 
to  shear  stress  due  to  shear  force  did  not  cause  major  differences  between  the  design 
and  experimental  and  computational  failure  loads.  In  the  case  of  large  torsion, 
however,  some  beams  failed  at  about  10%  below  design  load  and  some  stirrups  did 
not  reach  yield  strength. 1:  Introduction 
U:  Problem  statement 
The  present  procedures  and  code  recommendations  for  the  design  of  concrete 
structures  (specially  for  shear  and  torsion)  have  been  developed  largely  on  the  basis 
of  test  data  on  specific  types  of  members.  Design  equations  are  an  outcome  of  test 
results.  The  code  design  procedures  for  combined  loading  is  conservatively  done  by 
designing  for  each  force  separately  and  the  results  are  summed  together 
algebraically. 
In  practice,  structures  are  generally  subjected  to  bending  combined  with  torsion 
and/or  shear.  Consequently,  there  is  interaction  between  these  forces  which 
determine  the  strength  of  the  structure.  Several  interaction  theories  based  on 
ultimate  strength  criterion  have  been  developed  by  various  researchers.  But  the 
general  approach  adopted  for  the  development  of  interaction  equations  is  still  based 
on  the  experimental  results  as  follows: 
1.  Identify  the  parameters  affecting  the  problem. 
2.  Study  experimentally  the  effects  of  the  parameters. 
3.  Develop  design  equations  based  on  the  experimental  results  to  define  interaction 
curves. 
This  approach  has  certainly  contributed  greatly  to  the  understanding  of  the  problem. 
However,  its  weakness  lies  in  the  fact  it  is  difficult  to  extend  it  to  more  generalised 
stress  situations  since  this  can  be  done  only  if  the  design  procedures  are  based  on 
sound  theoretical  principals. 
A  proper  design  procedure  should  consider  the  interaction  between  bending,  torsion 
and  shear  in  the  structure  and  ensure  that  the  ultimate  and  serviceability  limit  states 
are  satisfied.  To  be  applicable  for  any  stress  field,  it  should  be  based  on  well 
established  theories  like,  say,  the  theory  of  plasticity.  In  addition,  it  should  be  able 
to  optimise  the  usage  of  material  and  be  easy  to  apply. 
1.2:  Proposed  solution 
In  the  present  investigation,  a  procedure  called  the  "Direct  Design  Method"  was 
adopted  for  the  design  of  reinforced  and  partially  prestressed  hollow  and  solid 
beams  subjected  to  combined  loading  of  bending,  torsion  and  shear.  The  basis  of 
this  method  is  the  lower  bound  theorem  of  the  theory  of  plasticity.  In  this  approach, Chavter  I  Introduction 
a  section  is  designed  to  resist  a  given  set  of  stresses  using  elastic  or  plastic  stress 
distributions  and  a  2-D  yield  criterion  for  "in-plane  forces".  In  this  work,  the  section 
was  then  tested  to  verify  the  basic  assumptions  adopted  in  the  design.  In  addition  a 
2-D  finite  element  program  for  the  hollow  beams  and  a  3-D  one  for  solid  beams 
were  used  for  the  non-linear  analysis  to  further  check  the  validity  of  the  assumptions 
made. 
1.3:  Scope  of  work 
In  this  research  eleven  hollow  beams  and  six  solid  ones  were  designed  using  the 
direct  design  method  and  experimentally  tested.  Elastic  stress  distribution  was  used 
in  the  design  of  hollow  beams  and  the  partially  prestressed  solid  beams  while  plastic 
stress  distribution  was  used  for  the  design  of  all  reinforced  solid  beams,  except  one 
beam.  A  2-D  finite  element  program  based  on  Kupfer-Hilsdorf  model  for  concrete 
yield  criterion  was  used  for  the  non-linear  analysis  of  hollow  beams.  Model 
parameters  were  based  on  a  parametric  study  using  the  2-D  program.  In  the  case  of 
solid  beams,  a  3-D  finite  element  program  based  on  Kotsovos'  concrete  model  was 
used  for  a  computational  study  before  the  selection  of  stress  distribution  used  for  the 
design  of  solid  beams.  This  was  done  to  study  the  effect  of  the  concrete  core  on 
beam  strength  and  behaviour.  Based  on  the  findings,  the  solid  beams  were  designed 
and  tested.  The  3-D  program  was  then  used  for  the  non-linear  analysis  of  the  solid 
beams. 
1.4:  Thesis  layout 
Chapter  2  focuses  on  the  literature  review  of  the  analytical  models  used  for  the 
design  of  reinforced  beams  subjected  to  combined  loading.  Chapter  3  discusses  the 
development  of  the  Direct  Design  Method.  Chapter  4  describes  the  test  rig, 
monitoring,  loading  and  testing  procedure  of  reinforced  and  partially  prestressed 
beams.  Chapter  5  presents  the  test  results  of  the  hollow  beams.  Chapter  6  discusses 
the  material  behaviour  and  modelling  used  in  the  finite  element  programs.  In 
chapter  7  the  2-D  finite  element  program  is  discussed.  Chapter  8  gives  details  of  a 
parametric  study  carried  out  to  develop  a  general  computational  model  for  hollow 
beams.  A  comparison  between  experimental  and  computational  results  of  hollow 
beams  is  shown  in  chapter  9.  In  chapter  10  theoretical  investigation  on  the  stress 
distribution  in  solid  beams  is  carried  out.  The  results  of  the  investigation  were  used 
2 Chapter  I  Introduction 
in  the  design  and,  test  -  of  solid  beams  described  in  chapter  11.  Chapter  12  gives 
conclusions  and  recommendations.  Appendix  A  has  a  numerical  design  example 
using  the  truss  analogy.  Appendix  B  contains  comparison  between  experimental  and 
computational  -steel  strain  ratios  for  hollow  and  solid  beams.  Appendix  C  contains 
examples  on  the  effect  of  the  centre  line  of  shear  flow  on  the  steel  requirement. 
3 2:  Analytical  models  for  combined  loading  in  reinforced  concrete  beams 
2.1:  Introduction 
Considerable  research  has  been  done  in  an  effort  to  develop  methods  for  predicting 
the  behaviour  of  reinforced  concrete  beams  in  pure  torsion  and  in  torsion  combined 
with  flexure  and/or  shear.  In  studying  torsion,  elasticity  theory  was  used  by  some 
researchers  in  the  first  half  of  this  century  [Cowan  (1965)]  for  the  analysis  of 
reinforced  concrete  beams,  while  others  adopted  the  plastic  theory  approach  [Nadai 
(1950)].  Analytical  models  were  developed  for  the  design  of  reinforced  beams. 
These  models  enabled  researchers  and  engineers  to  gain  a  better  understanding  of 
actual  structural  behaviour  and  minimise  the  usage  of  existing  empirical  design 
equations.  In  this  chapter  a  brief  review  of  previous  investigations  and  analytical 
models  for  fully  reinforced  beams  (having  longitudinal  and  transverse  steel) 
subjected  to  combined  load  of  torsion,  bending  and  shear  is  presented. 
2.2:  Combined  load  in  reinforced  concrete  beams 
In  rectangular  sections,  normal  stress  is  caused  by  axial  force  or  bending  moment 
while  shear  stress  due  to  shear  force  is  mainly  parallel  to  the  direction  of  the  shear 
force  and  the  shear  stress  due  to  torsion  circulates  around  the  section  in  different 
directions  (Fig.  2.1).  The  side  of  the  section  where  the  shear  stresses  are  additive  is 
critical  in  design.  In  general  longitudinal  and  transverse  reinforcements  are  required 
to  resist  all  load  conditions  except  in  the  case  of  pure  bending  where  longitudinal 
reinforcement  alone  is  required.  It  is  worth  mentioning  that  concrete  strength  plays  a 
significant  role  in  the  cracking  strength  of  a  member.  High  strength  concrete  gives 
larger  cracking  torque.  Also,  the  concrete  cover  affects  the  cracking  strength.  For 
two  beams  of  same  overall  dimensions,  the  one  with  smaller  cover  results  in  a 
bigger  torque  capacity  due  to  the  longer  lever  arm. 
Torsional  stress  Shear  stress  Torsional  stress  Shear  stress 
(a):  Hollow  section  (b):  Solid  section 
Fig.  2.1:  Applied  stresses  due  to  torsion  and  shear  force  in  a  rectangular  section Chapter  2  Analytical  models  for  combined  loading  in  reinforced  concrete  beams 
2.2.1:  Pre-cracking  strength 
Before  cracking,  load  is  resisted  mainly  by  concrete  and  steel  is  virtually  unstressed. 
Cracks  start  when  the  maximum  principal  tensile  stress  reaches  the  tensile  strength 
of  the  concrete.  This  behaviour  is  true  even  for  beams  having  steel  in  both 
directions.  Because  of  this,  reinforced  concrete  beams  before  cracking  stage  can  be 
treated  as  plain  concrete  ones  using  equations  developed  by  many  researchers  and 
available  in  the  literature  [e.  g.  Hsu  (1984)]. 
2.2.2:  Post-cracking  behaviour 
Many  models  have  been  developed  for  predicting  the  behaviour  of  members  with 
both  longitudinal  and  transverse  steel  subjected  to  combined  loading.  These  models 
can  be  categorised  under  two  groups,  the  skew-bending  theory  and  the  space  truss 
theory.  In  recent  years,  the  space  truss  theory  has  dominated  the  research  field  in 
both  design  and  non-linear  analysis.  A  brief  discussion  of  some  significant 
developments  in  these  theories  with  more  emphasise  towards  the  truss  theory  is 
presented  here. 
2.2.2.1:  Skew-Bending  Theory 
Lessig  (1958)  proposed  an  approach  of  analysis  for  under-reinforced  beams  where 
the  equilibrium  conditions  for  an  observed  skew-bending  type  of  failure  mechanism 
is  assumed.  Inclined  tension  crack  spiral  round  three  faces  of  the  beam.  On  the 
fourth  side,  the  ends  of  the  crack  are  joined  by  a  compression  zone.  At  failure, 
reinforcement  is  assumed  to  be  yielding  on  the  three  sides.  She  presented  the  first 
two  modes  of  failure  shown  in  figure  2.2.  Mode  I  failure  happens  when  bending 
moment  is  predominant,  tension  cracks  appear  first  on  the  bottom  and  then  spreads 
to  the  side  faces.  The  compression  zone  is  located  at  the  top  face.  Failure  occurs  by 
yielding  of  both  bottom  and  transverse  steels.  Mode  2  failure  happens  when  torsion 
and  shear  are  predominant,  and  cracks  appear  first  at  an  angle  of  about  45*  to  the 
longitudinal  axis  of  the  beam,  on  the  vertical  face  in  which  the  shear  stresses  due  to 
torsion  and  shear  are  additive.  These  cracks  later  spread  to  the  bottom  and  top  faces. 
The  compression  zone  is  located  along  the  other  face  where  the  shear  stresses  are 
subtractive. 
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Fig.  2.2:  Modes  of  failure 
The  following  assumptions  were  made  in  Lessig's  theory: 
1.  Both  longitudinal  and  transverse  steels  yield  at  failure  and  no  compressive 
reinforcement  is  considered. 
2.  Concrete  resists  no  tension. 
3.  Stirrups  are  equally  spaced. 
4.  No  aggregate  interlock  or  dowel  action  of  reinforcement  is  considered. 
5.  The  ratio  of  torsion  to  bending  moment  remains  constant  within  the  failure  zone. 
It  should  be  noted  that  the  assumptions  of  both  longitudinal  and  transverse  steels 
yield  at  failure  and  the  angle  of  inclination  is  45"  require  equal  amount  of  steel  in 
each  direction. 
Collins  et  al.  (1968)  discovered  mode  3  failure  (Fig.  2.2)  and  extended  the  analysis 
to  a  more  general  case  of  un-symmetrically  reinforced  members  where  the  top 
longitudinal  steel  is  significantly  less  than  the  bottom  longitudinal  steel  and 
subjected  to  large  torque  and  small  bending  moment.  Cracks  are  initiated  at  the  top 
and  side  faces  and  the  compression  zone  is  at  the  bottom  face.  Failure  occurs  when 
both  top  and  transverse  steels  yield. 
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Elfren  et  al.  (1974)  presented  interaction  surface  (Fig.  2.3)  for  three  modes  of 
failure  similar  to  the  modes  discussed  above.  Mode  t  represents  the  failure  mode 
when  the  concrete  compression  zone  is  in  the  top  of  the  beam  due  to  positive 
bending  dominance.  For  negative  or  small  moment  the  compression  zone  is  formed 
in  the  bottom  of  the  beam  and  the  mode  of  failure  is  called  mode  b.  Mode  s  is 
decisive  for  beams  subjected  to  high  shear  stresses  from  both  torsion  and  vertical 
shear.  The  compression  zone  forms  in  the  vertical  side  where  the  shear  stresses  are 
subtractive. 
T 
Mode  s 
Mods  ,  Mode  t 
M 
Fig.  2.3:  Interaction  surface  for  modes  s,  b  and  t  [Elfren  et  al.  (1974)] 
It  should  be  noted  that  the  above  discussed  skew-bending  theories  were  based  on 
equilibrium  of  forces  at  assumed  continuous  failure  surface.  They  can  predict  the 
ultimate  strength  of  under  reinforced  members  where  steel  is  assumed  to  yield  at 
failure. 
Ewida  and  McMullen  (1981)  presented  a  non-dimensionalised  torsion-shear-flexure 
interaction  equations  for  under-reinforced,  partially  over-reinforced,  and  completely 
over-reinforced  beams.  Their  model  predicts  different  curves  for  under  reinforced 
and  completely  over-reinforced  beams  subjected  to  combined  loading  of  torsion  and 
shear  (Fig.  2.4).  The  under-reinforced  beams  fail  due  to  steel  yielding  while  the 
completely  over-reinforced  ones  fail  due  to  concrete  crushing.  The  strength  of  a 
beam  is  defined  as  the  smallest  of  the  three  strengths  computed  according  to  the 
three  modes  of  failure.  The  non-dimensionalised  interaction  surface  proposed  by 
Ewida  and  McMullen  for  torsion-shear-flexure  is  shown  in  figure  2.5.  In  this  figure: 
M.  =  ultimate  flexural  moment  in  combined  loading. 
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M.  =  ultimate  flexural  moment  in  pure  bending. 
V  ultimate  shear  force  in  combined  loading. 
U 
V,,,,  =  ultimate  shear  force  in  pure  shear. 
T.  ultimate  torque  in  combined  loading. 
T.,  =  ultimate  torque  in  pure  torsion  for  mode  1. 
T.  2=  ultimate  torque  in  pure  torsion  for  mode  2. 
r=Tuo2  ITuo  1 
n=1.2  for  beams  under-reinforced  in  torsion-shear. 
n=1.75  for  beams  partially  over-reinforced  in  torsion-shear. 
n=3.0  for  beams  completely  over-reinforced  in  torsion-shear. 
The  power  n,  greater  than  I  applied  to  the  normalised  shear  term  only,  suggests  that 
a  small  change  in  torque  affects  the  shear  strength  more  than  the  other  way  round. 
Similarly  the  power  value  2  used  for  the  normalised  torsion  and  shear  in  the  case  of 
bending  presence  shows  that  the  torsion  and  shear  strengths  can  be  increased  by  the 
presence  of  bending  and  not  the  other  way  round. 
More  can  be  found  about  skew-bending  theory  in  the  literature  i.  e.  Goode  and 
Helmy  (1968). 
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Fig.  2A  Torsion-shear  interaction  diagrams  for  under-reinforced  and  completely  over-reinforced 
beams  [Ewida  and  McMullen  (1981)] 
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Fig.  2.5:  Torsion-shear-flexure  interaction  surface  [  Ewida  and  McMullen  (198  1)] 
2.2.2.2:  The  space-truss  analogy 
45'  Truss  Model:  Ritter  (1899)  and  Morsch  (1902)  were  the  pioneers  who 
introduced  the  truss  analogy  to  analyse  cracked  reinforced  beams  subjected  to  shear. 
However,  Rausch  (1929)  was  the  first  to  apply  the  truss  analogy  to  beams  subjected 
to  torsion. 
T 
Shear  Flow 
Path 
r  1ý  f 
I  Ao  I 
ar 
Fk)w.  q 
Fig.  2.6:  Rectangular  beam  under  torsion 
These  models  were  based  on  the  following  assumptions  (Fig.  2.6): 
1.  The  space  truss  is  made  up  of  45'  diagonal  concrete  struts,  longitudinal  bars,  and 
hoop  bars  connected  at  the  joints  by  hinges. 
2.  The  diagonal  concrete  member  carries  only  axial  compression;  i.  e.  shear 
resistance  by  aggregate  interlock  is  neglected. 
Diagonal  Compressive 
I  Stress  at  angle  0 
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3.  The  longitudinal  and  transverse  bars  carry  only  axial  load  i.  e.  dowel  action 
resistance  is  ignored. 
4.  For  a  solid  section,  the  concrete  core  does  not  contribute  to  the  ultimate  torsional 
resistance. 
5.  In  the  case  of  pure  torsion,  the  path  of  the  shear  flow  coincides  with  the 
centreline  of  the  closed  stirrup. 
These  models  assume  that  the  volume  of  all  longitudinal  steel  within  the  stirrup 
spacing  is  equal  to  the  volume  of  one  complete  stirrup.  This  is  so  called  the  equal 
volume  principal  which  allows  the  concrete  to  form  45'  inclined  struts  which  might 
be  possible  in  the  case  of  shear  or  torsion.  Test  results  [i.  e.  Hsu  (1968),  Mattock 
(1968)  and  Osbum  et  al.  (1969)]  revealed  that  the  45'  model  is  quite  conservative, 
particularly  for  beams  with  small  amounts  of  web  reinforcement. 
Many  models  have  been  proposed  using  the  truss  analogy  after  the  above  models 
were  developed.  A  brief  discussion  of  a  few  significant  changes  is  presented  here. 
Variable  Angle  Truss  Model:  Lampert  and  Thurlimarm  (1971)  generalised  the 
space  truss  model  for  under  reinforced  members  subjected  to  torsion  or  to  combined 
torsion  and  bending.  They  assumed  that  the  angle  of  inclination  of  the  concrete 
struts  is  constant  for  each  side  and  may  deviate  from  45'.  In  the  walls  governing  the 
failure,  both  longitudinal  and  transverse  steel  reach  yield  at  failure.  They  assumed 
an  elastic-perfectly  plastic  stress-strain  curve  for  reinforcement.  The  450  model 
became  a  special  case  of  their  model  when  equal  volume  reinforcement  is  provided. 
They  also  assumed  that  the  shear  flow  uses  a  path  defined  by  a  line  connecting  the 
centres  of  the  longitudinal  comer  bars  enclosed  by  the  stirrups.  In  this  model  the 
superposition  approach  of  steel  required  to  resist  torsion  and  that  required  to  resist 
bending  was  adopted.  In  the  tensile  zone  the  two  longitudinal  steel  components  are 
added,  whereas  in  the  flexural  compression  zone,  the  longitudinal  torsional 
reinforcement  can  be  reduced  by  an  amount  corresponding  to  the  flexural 
compressive  force  as  shown  in  figure  2.7.  They  presented  interaction  curves  for 
rectangular  sections  subjected  to  combined  torsion  and  bending.  Figure  2.8  shows 
these  curves  for  Zfu/Zfo  =3  (solid  line)  and  Zfu/Zf,,  =I  (dashed  line),  where  Zf,,  and 
Zf,,  =  yield  force  in  the  bottom  and  top  longitudinal  reinforcement  respectively.  It 
can  be  seen  that  the  torsional  strength  of  a  section,  reinforced  for  bending  (ZN  > 
10 . 
bai)ter  2- 
---  --  - 
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Zf,,  ),  can  be  increased  by  the  simultaneous  application  of  a  bending  moment  as  at 
point  A  at  which  all  reinforcements  of  the  section  yield.  For  a  section  reinforced  for 
pure  torsion  (Zfu  =  Zf(,  ),  the  maximum  torque  occurs  when  the  bending  moment 
equal  to  zero.  In  this  case,  both  top  and  bottom  reinforcement  and  the  stirrups  yield. 
+ 
Fig.  2.7:  Superposition  of  forces  in  longitudinal  reinforcement 
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Fig.  2.8:  Interaction  surface  for  torsion-bending  in  a  rectangular  cross-section  [Lampert  and 
Thurlimann  (1971)].  M,,,  T,,  =  ultimate  bending  and  torsional  moments  in  combined  loading 
receptively.  M,,,,  T.  =  ultimate  bending  and  torsional  moments  for  pure  bending  and  pure  torsion 
receptively. 
Compression  Field  Theory:  Collins  and  Mitchell  (1980)  suggested  a  compatibility 
re  ations  p  which  links  the  strains  in  the  concrete  diagonals,  the  longitudinal  steel 
and  the  transverse  steel  as  given  by  equation  2.1. 
tan2  0=  ei+  ed 
et  +5d  2.1 
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where: 
O=  the  angle  of  inclination  of  the  diagonal  struts 
el  =  longitudinal  tensile  strain  I 
e,  =  transverse  tensile  strain 
'cd  =  diagonal  compressive  strain 
They  used  this  equation  for  the  prediction  of  the  equilibrium  equations  of  the  truss, 
and  the  stress-strain  relationships  of  concrete  and  steel  in  reinforced  concrete 
members  subjected  to  shear  or  torsion.  Thus  the  compression  field  theory  can 
predict  the  angle  of  inclination  of  the  diagonal  compression. 
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In  this  theory  it  was  assumed  that  the  compression  in  the  concrete  tends  to  push  off 
the  concrete  while  the  tension  in  the  stirrups  holds  it  on  (Fig  2.9).  Since  concrete  is 
weak  in  tension,  the  concrete  outside  of  the  stirrups  spalls  off.  Because  of  this 
spalling  it  was  assumed  that  the  effective  outer  surface  of  the  concrete  coincides 
with  the  stirrup  centreline.  The  compression  field  theory  assumes  that  diagonal 
compressive  stresses  can  be  transmitted  through  cracked  concrete  by  means  of 
aggregate  interlock  and  dowel  action  of  reinforcement  crossing  the  crack.  For  the 
usage  of  this  theory  in  the  design  of  reinforced  or  prestressed  members,  reader  is 
referred  to  the  reference  quoted  above. 
Modified  Truss  Model:  Ramirez  and  Breen  (1991)  suggested  a  concrete 
contribution  to  be  added  to  the  truss  action  to  compensate  for  the  difference  between 
the  test  results  and  the  conservative  truss  model.  This  is  to  account  for  the  shear 
carried  by  the  un-cracked  concrete,  aggregate  interlock,  and  dowel  action.  Figure 
2.1  Oa  shows  the  concrete  contribution  for  reinforced  members  in  shear.  The  vertical 
axis  represents  the  concrete  contribution  in  terms  of  nominal  shearing  stresses  V,. 
The  horizontal  axis  represents  the  shear  stress  level  v  produced  by  the  applied 
loading.  For  example  when  the  applied  load  causes  shear  stress  less  than  2j,  -,  the 
contribution  y,  is  constant  (=  2j,  )  while  when  it  causes  shear  stress  equal  6 
the  contribution  becomes  zero. 
In  the  case  of  prestressed  members,  the  presence  of  the  prestressing  force  enhances 
the  effect  of  the  aggregate  interlock  and  un-cracked  concrete  resistance  to  shear.  A 
constant  concrete  contribution  which  is  a  function  of  the  level  of  prestress  and 
extreme  tension  fibre  stresses  such  as  shown  in  figure  2.10b  was  proposed.  The  total 
available  shear  capacity  of  this  modified  model  is: 
VWM  =  VTPWS  +  V,  2.2 
Ramirez  and  Breen  tried  their  model  on  59  reinforced  concrete  beams  and  77 
pretensioned  concrete  beams.  The  model  provided  generally  conservative  values  in 
reinforced  and  prestressed  beams  as  can  be  seen  in  figure  2.11. 
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Modified  Compression  Field  Theory:  Vecchio  and  Collins  (1986,1988) 
developed  the  modified  compression  field  theory  to  analyse  reinforced  concrete 
elements  subjected  to  in-plane  shear  and  normal  stresses  (Fig.  2.12a). 
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(c):  Average  concrete  stresses  (d):  principal  stresses  in  concrete 
Fig.  2.12:  Average  stresses  and  strains  in  concrete  element  (Modified  Compression  Field  Theory) 
This  theory  was  based  on  the  assumption  that  the  reinforcement  is  uniformly 
distributed.  This  is  to  ensure  well  distributed  cracks.  While  the  original  compression 
field  theory  ignored  tension  in  the  cracked  concrete,  in  this  modified  model, 
concrete  between  cracks  is  assumed  to  resist  tensile  stresses.  The  average  stresses 
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and  average  strains  (Fig.  2.12b-d)  were  used  in  formulating  the  equilibrium, 
compatibility  and  stress-strain  relationships.  The  post  cracking  behaviour  was  given 
in  a  form  of  compression  softening  and  tension  stiffening  of  concrete  in  the  stress- 
strain  relationships  (Fig.  2.13). 
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Fig.  2.13:  Stress-strain  relationships  (Modified  Compression  Field  Theory) 
Softened  Truss  Model:  Hsu  (1988,1991)  presented  a  unified  model  for  shear  and 
torsion.  Figure  2.14  shows  an  orthogonally  reinforced  concrete  element  subjected  to 
in-plane  shear  and  normal  stresses.  cr,  and  a,  are  the  applied  normal  stresses  and 
. r,,  is  the  applied  shear  stress.  After  cracking,  a  truss  action  is  formed  with  the 
compression  diagonal  struts  oriented  in  the  d  -axis  which  is  inclined  at  an  angle  a 
to  the  longitudinal  steel.  This  direction  is  also  assumed  to  be  the  direction  of  the 
principal  compressive  stress  and  strain.  Taking  the  direction  perpendicular  to  the  d- 
axis  as  r  -axis,  the  d-r  co-ordinate  system  is  formed  which  represent  the  principal 
stress  and  strain.  The  direction  of  the  initial  crack  is  determined  by  the  direction  of 
the  principal  tensile  stress  a,  that  existed  before  cracking.  With  increased  loading, 
the  new  cracks  change  their  direction  based  on  the  direction  of  the  principal  tensile 
stresses  in  the  concrete  at  the  new  applied  load  level.  After  cracking,  the  direction  of 
the  d-r  co-ordinate  system  is  dependent  on  the  relative  amount  of  stresses  in  the 
longitudinal  to  transverse  reinforcement.  Stress-strain  relationships  similar  to  what 
was  proposed  in  the  modified  compression  field  theory  were  presented  (Fig.  2.15). 
More  can  be  found  about  the  truss  analogy  and  its  applications  in  the  literature  Le. 
Karlsson  and  Elfgren  (1972),  Mitchell  and  Collins  (1974),  Hsu  and  Mo  (1985), 
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Belarbi  and  Hsu  (1990),  Stevens  et  al.  (1991),  MacGregor  and  Ghoneim  (1995), 
Pang  and  Hsu  (1996).  Asghar  and  Almughrabi  (1996),  and  Ali  and  White  (1999). 
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Fig.  2.14:  Stress  condition  in  reinforced  concrete  element  (Softened  Truss  Model) 
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Ed,  F,  =  Average  principal  strains  in  the  d  and  r  directions  respectively.  c.  =  Strain  at  the  maximum 
compressive  stress  (taken  as  0.002).  Cc,  =  strain  at  tensile  cracking  of  concrete. 
Fig.  2.15:  Stress-strain  relationships  for  reinforced  concrete  (Softened  Truss  Model) 
2.3:  Comments  on  the  comparison  between  skew-Bending  and  truss  theories 
Kuyt  (1971)  made  a  theoretical  comparison  between  the  truss  analogy  and  the 
ultimate  equilibrium  method  (skew-bending)  for  under-reinforced  beams.  He  stated: 
"...  the  latter  method  will  give  the  same  results  as  the  truss  theory,  provided  that 
proper  assumptions  are  made  with  respect  to  the  forrn  of  the  failure  surfaces  and  the 
magnitude  of  the  stirrup  stresses  at  the  smaller  and  the  larger  sides  of  the  beam 
respectively".  In  a  final  observations  he  said:  "...  it  may  be  stated  that  calculations 
based  on  the  truss  analogy  are  preferable,  because  they  rest  on  a  more  definite  basis 
with  regard  to  the  internal  equilibrium  of  the  beam  as  a  whole.  " 
Crd 
a 
*0 
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Thurlimann  (1979),  in  his  comment  on  the  two  theories  said:  "  In  many  cases  they 
lead  to  the  same  results.  "  However,  he  preferred  the  truss  analogy  because  it  is 
applicable  to  any  type  of  cross  section,  allows  a  uniform  treatment  of  combined  load 
cases,  can  be  used  to  determine  the  warping  resistance  of  thin  walled  reinforced 
concrete  beams  with  open  cross  sections,  and  torsional  stiffness  members  after 
cracking. 
Hsu  (1988)  stated:  "  It  is  agreed  by  researchers  in  recent  years  that  the  truss  model 
theory  provides  a  more  promising  way  to  treat  shear  and  torsion". 
2.4:  Derivation  of  force  equations  using  the  space-truss  analogy 
1.  Pure  torsion 
For  a  rectangular  beam  subjected  to  pure  torsion,  tension  cracks  spiral  around  the 
beam  with  a  constant  angle  0  as  shown  in  figure  2.6.  After  cracking,  the  beam  can 
be  idealised  as  a  space  truss  consisting  of  longitudinal  bars  in  the  comers,  closed 
stirrups  and  concrete  compression  diagonals  which  spiral  around  the  member 
between  the  torsional  cracks  as  shown  in  figure  2.16a. 
Using  the  thin-walled  member  analogy  the  shear  stress  r  due  to  torsion  can  be 
calculated  from: 
T 
2A.  t 
where: 
2.3 
T=  torque 
A.  =  area  enclosed  by  the  centre  line  of  the  wall  thickness 
t=  thickness  of  the  wall 
The  shear  force  per  unit  length  of  perimeter,  at  any  point  on  the  perimeter  of  the 
shell  is  referred  to  as  shear  flow  q=  it  and  from  equation  2.3: 
T 
2A,, 
2.4 
Figure  2.16b  shows  a  portion  of  vertical  side  2  of  space  truss.  The  diagonal 
compressive  force  D2  is  resolved  into  a  vertical  force  V2  balanced  by  the  stirrups 
and  a  horizontal  force  N2  resisted  by  the  longitudinal  steel.  The  total  shear  force 
due  to  torsion  in  a  given  side  of  the  tube  is  q  times  the  length  of  this  side.  Thus,  the 
shear  force  in  side  2  with  depth  y.  is: 
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V2 
=  qy.  =TY.  2A,, 
2.5 
Similar  forces  act  on  all  four  sides  to  cause  a  torque  about  the  axis  of  the  member  to 
resist  the  applied  torque. 
V  D.  sinO  2 
N2 
V2 
tanO 
T  xo.  'j,  -  sti"Ups 
oo 
ISL  r 
Cracks 
A  V1  tV4 
IV 
2c 
Longift4nal  B 
Bar  Concrete  3 
Compression 
Diagonals 
(a):  Space  truss 
2.6 
2.7 
N2/2 
ye  f6d  D2 
1-100 
1 
V2 
Cosa  a 
'0000.0 
Na  - 
N2/2 
(b):  Portion  of  vertical  side  2  of  space  truss 
Atfy 
Atfy 
V2  YO 
Yo  Cot  0 
(c):  Resolution  of  shear  force  in  side  2  of  space  truss 
Fig.  2.16:  Space  truss  analogy 
It  can  be  seen  that  if  a  low  angle  of  inclination  of  the  diagonal  struts  is  used,  smaller 
vertical  force  and  accordingly  less  transverse  reinforcement  but  larger  normal  force 
and  more  longitudinal  reinforcement  will  be  required.  The  horizontal  force  N.  acts 
at  the  mid-height  of  side  2  and,  therefore,  it  is  divided  equally  between  the  top  and 
bottom  bars  in  this  side.  For  a  beam  with  only  comer  reinforcement,  the  forces  at 
each  comer  will  be  as  follows: 
A  =N2+ 
N, 
22 
B= 
N  2+  N1 
22 
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C= 
N3 
+N1 
22 
D= 
NI+  N' 
22 
where  the  comers  A,  B,  C  and  D  are  as  shown  in  figure  2.16a  and  N,  represents  the 
normal  force  in  ih  side. 
2.  Pure  bending 
In  this  case  the  compression  diagonals  are  replaced  by  a  compression  block  across 
the  width  parallel  to  the  chords  and  only  longitudinal  steel  is  required.  If  concrete 
alone  is  resisting  the  compression  and  steel  is  taking  the  tension,  failure  happen  by 
either  steel  yielding  or  concrete  crushing  with  vertical  cracks  to  the  beam  axis.  The 
cracks  first  appear  at  the  bottom  face  and  then  spread  to  the  side  faces. 
3.  Combined  shear  and  torsion 
The  shear  stress  situation  is  as  shown  in  figure  2.1.  The  forces  due  to  torsion  are 
calculated  as  in  case  I  above  and  the  forces  due  to  shear  force  are  calculated  using 
either  elastic  or  plastic  stress  distribution.  As  an  example,  for  a  hollow  section  the 
stresses  in  the  top  and  bottom  flanges  can  be  considered  as  torsional  shear  stress 
alone  using  equation  2.3.  In  the  side  where  the  stresses  are  added  the  net  shear  stress 
is  the  result  from  equation  2.3  plus  V/  2ht,  where  V  is  the  applied  shear  force,  h  is 
the  depth  of  the  web  and  t  is  its  thickness.  In  the  side  where  the  stresses  are 
subtractive  the  net  shear  stress  is  the  result  from  equation  2.3  minus  V/  2ht. 
4.  Combined  bending  and  torsion 
Torsion  leads  to  axial  force  N  which  must  be  resisted  by  longitudinal 
reinforcement  and  a  transverse  force  V  which  must  be  resisted  by  stirrups.  The 
bending  moment  causes  two  equal  but  opposite  axial  forces.  In  the  tension  side  the 
axial  force  from  the  torsion  is  added  to  the  one  from  bending  and  in  the  compression 
zone  the  forces  are  subtracted  (Fig.  2.7).  This  leads  to  a  reduction  in  the  longitudinal 
reinforcement  required  to  resist  torsion  in  the  compression  region.  The  smaller  the 
ratio  of  torsion  to  bending  the  steeper  the  cracks  will  be  with  respect  to  the  beam 
axis. 
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5.  Combined  bending,  torsion  and  shear 
In  this  case,  the  vertical  forces  are  algebraically  added  as  described  in  case  3  and  the 
horizontal  forces  are  added  as  in  case  4.  For  under  reinforced  beams,  failure  may 
happen  by  one  of  three  distinct  failure  modes.  First,  yielding  of  bottom  longitudinal 
steel  and  stirrups  on  the  side  where  shear  stresses  are  additive.  In  this  mode  rotation 
will  take  place  about  the  top  horizontal  axis  (similar  to  skew-bending  mode  1). 
Second,  yielding  of  the  top  stringer  and  the  web  reinforcement  on  the  side  where 
shear  stresses  due  to  torsion  and  shear  force  are  additive.  The  rotation  will  take 
place  at  the  bottom  horizontal  axis  (similar  to  skew-bending  mode  3).  Third, 
yielding  of  the  top  and  bottom  longitudinal  reinforcement  and  transverse  steel  in  one 
side  of  beam  where  shear  stresses  are  additive.  Rotation  will  take  place  along  the 
axis  in  the  other  side  of  the  beam  where  the  shear  stresses  are  subtractive  (similar  to 
skew-bending  mode  2).  The  inclination  of  the  cracks  in  this  load  combination 
depends  upon  torsion-shear  and  torsion-flexure  ratios. 
Appendix  A  presents  a  numerical  design  example  for  combined  load  of  bending, 
torsion  and  shear  using  the  truss  analogy.  It  can  be  seen  that  the  smaller  the  angle  of 
the  diagonals  the  larger  the  amount  of  the  longitudinal  steel  and  the  smaller  amount 
of  the  transverse  steel.  This  is  considered  to  be  a  more  economical  design  as  the 
transverse  steel  is  more  expensive. 
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3.1:  Introduction 
In  this  chapter  the  'Direct  Design  Method'  is  introduced.  This  method  satisfies  the 
conditions  of  the  classical  theory  of  plasticity  and  reduces  the  ductility  demand  of 
the  structure. 
3.2:  Aim  of  structural  design 
The  aim  of  structural  design  is  to  produce  economical  structures  to  resist,  with 
adequate  safety  and  durability,  all  loads  and  deformations  likely  to  occur  during 
construction  and  use  of  the  structure.  A  structure  or part  of  a  structure  is  defined  as 
unfit  for  use  when  it  reaches  a  limit  state  beyond  which  it  ceases  to  satisfy  the 
functions  and  conditions  for  its  existence.  There  are  two  limit  states  that  the 
structure  has  to  satisfy  during  its  existence: 
Ultimate  limit  state:  The  structure  must  resist  safely  maximum  loads  likely  to 
occur  before  collapse.  The  collapse  of  the  structure  or  part  of  it,  may  arise  from 
rupture  of  one  or  more  critical  sections,  from  the  loss  of  equilibrium  (transformation 
into  a  mechanism)  or  from  buckling  due  to  elastic  or  plastic  instability. 
Serviceability  limit  state:  The  structure  must  not  suffer  from  excessive 
deformations,  cracking  and  vibration  ...  etc.  under  service  load  conditions. 
3.3:  Basic  conditions  of  the  classical  theory  of  plasticity 
To  overcome  the  problem  of  using  empirical  equations  in  the  design,  one  should  go 
to  basic  theories  of  mechanics.  A  well  known  theory  dealing  with  structure's 
ultimate  load  carrying  capacity  is  the  theory  of  plasticity.  This  theory  requires  the 
structure  to  satisfy  three  basic  conditions  at  ultimate  load: 
Equilibrium  condition:  Internal  stresses  must  equilibrate  external  applied  loads. 
Yield  criterion:  At  no  point  in  the  structure  should  the  set  of  stresses  violate  the 
yield  criterion  for  the  material. 
Mechanism  condition:  Under  ultimate  load  the  structure  should  develop  sufficient 
plastic  regions  or  hinges  to  transform  it  into  a  mechanism. 
Unfortunately  the  theory  of  plasticity  assumes  unlimited  ductility  of  material.  This 
means  that  the  regions  which  yield  early  in  the  structure  need  to  continue  to  deforin 
without  any  reduction  in  their  strength.  Obviously,  this  is  not  the  case  with 
reinforced  concrete  and  even  less  with  prestressed  concrete.  Therefore,  this  theory Chapter  3  Direct  desian  method 
has  to  be  used  with  caution  when  dealing  with  concrete  structures.  What  is  needed  is 
that  the  difference  between  the  load  at  which  first  yielding  occurs  at  any  point  and 
the  ultimate  load  of  the  whole  structure  is  made  as  small  as  possible.  This  will 
reduce  the  load  range  during  which  sections  that  yield  early  are  required  to  deform 
at  constant  'stress'  without  losing  their  strength  due  to  strain  softening  of  concrete. 
From  the  above  discussion,  it  is  clear  that  two  issues  have  to  be  addressed:  one  is  to 
produce  design  equations  for  concrete  structures  based  on  sound  theoretical 
principals  using  the  theory  of  plasticity,  and  second  is  to  reduce  the  ductility 
demand  made  by  the  theory  of  plasticity.  Before  discussing  the  direct  design 
method,  yield  criteria  for  reinforced  concrete  to  resist  applied  in-plane  stresses  is 
developed. 
3.4:  Design  of  orthogonal  tension  reinforcement  to  resist  in-plane  forces 
3.4.1:  Assumptions 
Nielsen  (1971,1974,1979,1984)  derived  a  yield  criterion  for  reinforced  concrete 
which  he  used  for  derivation  of  design  equations  for  orthogonal  tension 
reinforcement  to  resist  in-plane  forces.  He  based  his  work  on  the  following 
assumptions: 
1.  Reinforcing  bars  are  assumed  to  exhibit  perfectly  elastic-plastic  behaviour  (Fig. 
3.1)  and  positioned  symmetrically  with  reference  to  the  middle  plane  of  the 
section  in  two  orthogonal  directions. 
2.  The  steel  bars  are  conservatively  considered  to  resist  only  uniaxial  stresses  in  the 
original  direction  of  the  bar  as  shown  in  figure  3.2. 
3.  Kinking  of  bars  across  cracks  and  dowel  action  of  bars  in  resisting  shear  forces 
are  neglected. 
4.  Spacing  of  bars  in  both  orthogonal  directions  is  considered  to  be  very  small 
compared  to  the  over  all  dimension  of  the  section,  therefore,  reinforcing  steel  is 
considered  in  terms  of  area  per  unit  length. 
5.  Concrete  is  assumed  to  be  perfectly  plastic  and,  conservatively,  resists  no  tension. 
The  square  yield  criterion  is  adopted  as  shown  in  figure  3.3. 
6.  Ultimate  failure  occurs  by  unrestricted  plastic  flow  and  not  by  buckling  of 
section.  Instability  or  bond  failures  are  assumed  to  be  prevented  by  proper 
detailing  of  steel  and  choice  of  section. 
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7.  If  both  principal  in-plane  forces  were  compressive,  concrete  of  sufficient  strength 
precludes  the  use  of  compression  reinforcement. 
a 
Fig.  3.1:  Stress-strain  curve  in  a  reinforcing  bar 
Y 
Hft 
_____  >x 
Fig.  3.2:  Direction  of  reinforcing  steel 
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3.4.2:  Applied  in-plane  loads  and  resisting  stresses 
Let  a  set  of  applied  stresses  ax  9  ay  and  rxy  act  on  a  reinforced  concrete  element 
(Fig.  3.7)  with  thickness  t.  The  stresses  are  resisted  by  concrete  and  steel  in  two 
orthogonal  directions  as  shown  in  figure  3.4. 
a, 
0ý  = 
Concrete 
Fig.  3A  Concrete  and  steel  resistance  to  applied  load 
Where: 
a)11 
«I,  Steel 
a,  cr,,  =  applied  normal  stresses  in  x  and  y  directions. 
r,,  y  =  applied  shear  stress. 
25 
Fig.  3.3:  Yield  criterion  for  concrete  in  in-plane  stress Chamer  3  Direct  design  metho 
a,  a,  =  normal  stresses  in  concrete  in  x  and  y  directions. 
a,  ays  =  steel  stresses  in  x  and  y  directions. 
3.4.3:  Equilibrium  condition 
Concrete: 
Let  the  principal  stresses  in  concrete  cv,  and  a2  as  shown  in  figure  3.5a  and 
I  "ý"  0ý2  * 
C 
cy 
A 
a2 
/ 
Cr  I 
0 
T  XYC 
aye  "00 
D 
(a)  (b) 
Fig.  3.5:  Concrete  resistance  to  applied  load 
(c) 
From  figure  3.5b: 
a.  (71  COS2  0+472  Sin2  0 
rxyc  (al 
-  62  )  sin  0  cos  0 
and  from  figue  3.5c: 
(Tj,  c  =a  sin 
2  0+(72  COS2  0 
3.1a 
3.1b 
3.1c 
Steel: 
Let  A.,  and  AY  be  the  steel  areas  per  unit  width  in  x  and  y  directions  respectively, 
and  t  is  the  thickness  of  the  element.  From  figure  3.6: 
ax$  =  A.  -f. 
It  3.1d 
ao  =  AY.  fY  It  Me 
Equilibrium  combined  stresses: 
ax  =  ax,  +  ax.,  al  COS2  0+  Cr2  Sin2  0+  A".  A  It3.2a 
,  TY  ý  cry.  +  ao  cr,  sin'  0+  Oý2  COS2  0+  Ay-fy  It3.2b 
rxy  =  r,  =  (a,  cr.  )  sin  0  cos  0  3.2c 
Where  0  is  the  inclination  of  the  major  principal  concrete  stress  a,  to  the  x  axis. 
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Ay.  fy  /t 
A.  f/t 
Fig.  3.6:  Steel  resistance  to  applied  load 
3.4.4:  Yield  criterion 
Let  N,,  =  a,,.  t,  NY  =  cy.  t  and  N,, 
y  =  r,.  t  be  the  applied  in-plane  forces  per  unit 
length  on  a  element  with  thickness  t  as  shown  in  figure  3.7.  Also,  the  resisting 
forces  are  N,  :  --  o,  1.  t,  N2  N,  ', '  =  A,,.  f,  and  NY  _":  a2't  '=  Ay.  fy.  Then  equations  3.2 
can  be  written  as: 
(N,  cos'  0+  N2sin  2  0)  +  N,, 
NY  =  ay.  t  =  (N,  sin 
2  O+N2  COS2  0)  +  NY' 
N., 
y  =  rxy.  t  =  (NI  -  N2)sin0cosO 
Ny 
NY 
Fig.  3.7:  In-plane  forces  on  an  element 
Since  concrete  is  considered  to  carry  no  tensile  stress,  crl=  0.  The  above  equations 
become: 
N,  = 
N2  sin 
2  O+N,  ' 
NY  =  N2cos'  0+  NY' 
-N2  sin  0  cosO 
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or 
N'-N  =-N  sin 
203.3a 
2 
NY'-  NY  =  -N2 
cos2O  3.3b 
N,, 
y  =  -N2sin0cosO  3.3c 
Eliminating  0  and  N2  from  the  above  equations  leads  to  the  yield  criterion 
equation  for  reinforced  concrete  element  under  in-plane  loads: 
(N,  ',  -  N.,  )(Ny'  -  NY)  -  N.,  'Y  =03.4 
3.4.5:  Design  equations 
Based  on  the  magnitude  of  the  applied  in-plane  forces,  optimum  reinforcement 
solution  requires  steel  in  one  or  both  directions  or  no  steel  at  all.  This  leads  to  four 
possible  sets  of  design  equations  for  different  cases.  All  of  these  design  equations 
are  derived  from  the  above  yield  criterion  (Eq.  3.4)  for  orthogonal  tension 
reinforcement  as  follows: 
Case  1:  Only  Y  steel  is  required: 
N,  '  =0  and  NY'  #0 
Then  Eq.  3.4  gives: 
2 
NY'  =  NY  - 
Nzy 
3.5a 
N.,, 
And  Eq.  3.3a  and  Eq.  3.3c  lead  to: 
2 
N2=  N,  + 
Ný 
3.5b 
N,, 
It  is  clear  from  Eq.  3.5a  that  if  N,  '  =0  then: 
2  N,.  Nx  =  Ný  3.5c 
Case  2:  Only  X  steel  is  required: 
N'  =0  and  N"  #0 
Then  Eq.  3.4  gives: 
2 
N,  ",  =  N.,,  _ 
Ný 
3.6a 
N. 
Y 
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And  Eq.  3.3b  leads  to: 
2 
N2 
=  NY  + 
N, 
NY 
2  if  N:  =0  then:  N 
, 
NY  =  Ný 
Case  3:  X  and  Y  steels  required: 
N,  ',  *0  and  NY'  #0 
Then  Eq.  3.4  gives: 
NY'  =  NY  +N 
N,  '  -  N,, 
or 
N2 
N"  +  NY'=  Ns,  +  NY  +  ,y 
N:  -  N,, 
Minimising  the  sum  of  steel  in  both  directions: 
2 
d 
-(N+  N)  =  JL  N.,  ',  +  NY  +_ 
Ný 
0 
y  dN,:  N: 
or 
N2 
1--  0 
(NX8 
_  NX 
2 
This  leads  to: 
N,  ', '-  N,  = 
As  N'  '>0,  then: 
3.6b 
N,  ',  =  N,  +  IN., 
Y 
I  3.7a 
Substituting  Eq.  3.7a  into  Eq.  3A 
NY'  =  NY  +JN,  ýYj 
3.7b 
Substituting  eq.  Ma  and  3.7b  into  Ma  and  3.3b  respectively: 
N2 
=  -21  N., 
Y 
I  3.7c 
If  N:  =0  then  Eq.  Ma  gives  N,  = 
IN,,  l  3.7d 
and  if  N,  '  =0  then  Eq.  3.7b  gives  N,  =  -IN.,  Y 
I  Me 
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Case  4:  No  steel  is  required: 
When  a,  and  C72  are  both  compressive,  it  is  assumed  that  concrete  alone  will  resist 
the  applied  loads  and,  therefore,  no  steel  is  required.  This  leads  to: 
Ns=O  3.8a 
x 
NY'  =03.8b 
N,  Nx  +  NY 
I(Nx 
-  NY) 
22 
N21  =2V4.  +  Ný  3.8c 
If  in  any  of  the  above  cases  la.  1  >  then  the  section  has  to  be  redesigned  or  the 
concrete  strength  has  to  be  increased. 
3.4.6:  Boundary  curves 
In  order  to  know  the  regions  in  which  each  set  of  equations  is  used,  the  boundary 
curves  separating  the  cases  were  established  using  for  horizontal  axis 
(N,  /  JNý, 
Yl) 
and  for  vertical  axis 
(NY  I  JNý, 
Yl). 
All  boundary  curves  are  derived  by  equating  the 
design  equations  of  the  two  adjacent  cases.  As  an  example  the  curves  separating 
case  3  from  cases  I  and  2  is  derived  as  follows: 
All  points  on  the  curve  between  cases  I  and  3  must  have  equal  values  of 
reinforcement  using  both  set  of  equations.  Thus: 
0=N,  +  IN., 
Yl  -*  N,  =  -INl  -+  =  -1  IN. 
YJ 
Which  is  the  equation  of  straight  line  parallel  to  the  y  axis  at  -I  on  the  x  axis. 
Similarly  all  points  on  the  curve  between  cases  3  and  2  must  have  equal  values  of 
reinforcement  using  both  sets  of  equations.  Thus: 
N 
Ny'(2)=Ny'(3)  ->O=NY+IN.,  Yl  -*  ýýy  =-I  IN. 
YJ 
Which  is  the  equation  of  straight  line  parallel  to  the  x  axis  at  -I  on  the  y  axis. 
All  other  boundaries  are  determined  in  a  similar  way.  Figure  3.8  shows  boundary 
graph  for  Nielsen's  orthogonal  tension  reinforcement. 
3.5:  Orthogonal  compression  and  Skew  reinforcement 
Clark  (1976)  derived  equations  for  the  case  of  compression  reinforcement  in  one  or 
both  directions  including  steel  in  skew  directions. 
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NY 
INxyl 
CASE1  CASE3 
Y-steel  only  required  X-  and  Y-  steel  required 
N3=0 
x  Ns  Nx+IN  I 
N2 
x  XY 
NS=N  - 
xy  Ns  N  +IN  I  YY  NX  yy  XY 
N2  N2=  -21N  XY 
I 
N2=  NX  +  XZ 
NX 
(0,0) 
(-1,4) 
CASE  4 
No  steel  required 
NS  =O 
NS  =O  y 
NII=N  +NY 
N2  2 
Fig.  3.8:  Boundary  graph  for  Nielsen's  design  equations 
Nx 
Nxy 
When  the  works  of  Nielsen  and  Clark  are  combined  together,  nine  sets  of  design 
equations  for  skew  or  orthogonal  tension  and/or  compression  reinforcement  required 
to  resist  a  given  triad  of  in-plane  forces  can  be  found.  The  equations  are  based  on 
the  assumptions  made  in  sub-section  3.4.1  except  that  the  reinforcement  can  be 
positioned  in  two  non-orthogonal  directions  by  replacing  y  axis  by  a  which  make  an 
CASE  2 
X-steel  only  required 
Nxs  =  NX  - 
Nx2y 
NX 
NS  =O  y 
2 
x  N2=  Ny  + 
Ny 
NY 
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angle  0  with  the  x  direction.  Compression  reinforcement  is  also  assumed  to  be 
perfectly  plastic  and  to  yield  at  stress  of  f,  ,  in  compression.  Table  3.1  shows  the 
nine  possible  cases  of  orthogonal  reinforcement  to  resist  in-plane  forces.  In  this 
table  a,  is  given  as  zero  when  tension  reinforcement  is  provided  because  the 
concrete  must  be  cracked,  and  cr,  -,:  f,  I  when  compression  reinforcement  is 
provided  so  as  to  make  optimum  use  of  the  concrete. 
Table  3.1  Summary  of  possible  combinations  of  reinforcement 
Case  Reinforcement  description  Known  values  Method  of  solution 
I  Both  tension  4-4-fs  -  "'1-0  Minimisation  of  (px+pa) 
2  No  x,  a  tension  fa  -f,  I  P.  =O  -  "'1=0  Direct  solution 
3  No  a,  x  tension  4-4,  'Pa=0  -  "'I-0  Direct  solution 
4  Both  compression  fxýfaýfs 
I  '72'AC  Minimisation  of  (p  +p  xa 
5  No  x,  a  compression  fa  '48  1 
Px'(1  I  ff2'fc 
Direct  solution 
6  No  a,  x  compression  -  fx-f; 
s'Pa'o  "72'f:  Direct  solution 
7  x  tension,  a  compression  fx'fs  'fafs  1  010  1  ff2'fc 
Direct  solution 
8  x  compression,  a  tension  II  f,  'f,  If.  -A.  `71=0  1  or2'fc  Direct  solution 
9  No  reinforcement  -Ox-,  Oa'O  Direct  solution 
Table  3.2  shows  a  summary  of  the  design  equations  for  orthogonal  reinforcement, 
principal  stresses  and  their  angle  0  for  each  case.  Table  3.3  shows  the  boundary 
equations  separating  these  design  sets.  Figure  3.9  shows  boundary  curves  and 
regions  for  orthogonal  reinforcement.  For  more  detailed  information  the  reader  is 
referred  to  Nielsen  (1984)  and  Clark  (1976). 
3.6:  Direct  design  method 
The  yield  criterion  in  equation  3.4  and  the  design  equations  proposed  by  Nielsen 
(Fig.  3.8)  suggest  an  approach  to  ultimate  limit  state  design  as  follows: 
1.  At  any  point  calculate  a  set  of  stress  in  equilibrium  with  external  loads.  The  stress 
distribution  can  be  derived  from  elastic  or plastic  analysis  as  long  as  it  maintains 
equilibrium  with  external  load. 
2.  Calculate  required  steel  areas  using  Nielsen's  equations. 
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In  this  research  these  rules  were  applied  to  the  design  of  hollow  and  solid  reinforced 
and  partially  prestressed  concrete  beams.  This  procedure  is  called  the  Direct  Design 
Method  because  the  area  of  reinforcement  is  directly  calculated  from  the  stress  field 
using  Nielsen's  equations. 
Table  3.2  Design  equations  for  orthogonal  reinforcement 
Case  PX  py  al  0ý2  tonO 
I  I.  iax  +, 
-Yl) 
I 
ayl,.  Yl) 
0  -21  rxy 
I  r  XY 
2  0 
4 
V2 
a  -. 
xy 
) 
0  Tx2  y 
ax+- 
OIX 
r  ff 
3 
y  0,  x  ax  XY 
3  4f 
1.2 
O,  X- 
xy 
0  0 
ayA 
a 
r  XY 
oly 
S  y  y 
4  ',  (a  drxyl) 
f  xv  -Xyl) 
f, 
ffyf 
ds 
r 
fc,  +2  r  r  XY 
S 
nIxy 
5  0  Ir2  xy 
f 
) 
12!  L 
x 
f 
c 
r  XY 
Y  cr];  Ox  v 
I-xf  1 
6  r2y)  0  f  ffyf 
OV  r 
n1ly 
7  f 
2 
0  fc  2r 
8  f 
c  1+,  8 
x  -2( 
0  fc  2r 
XY 
9  0  0 
2 
where:  p.,  -.  yt,  :,.,  f  ,  , Yf  and 
6.  t-  -"  "a  'Pa'Aalt  , 
(,, 
+a 
y 
f., 
Table  3.3:  Boundary  curves  for  orthogonal  reinforcement 
Curve  Equation  Curve  Equation 
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3.6.1:  Satisfaction  of  the  conditions  of  the  theory  of  plasticity 
The  direct  design  approach  satisfies  the  conditions  of  plasticity  theory  as  follows: 
Equilibrium  condition:  The  internal  stresses  which  are  used  in  the  design  are  in 
equilibrium  with  the  external  applied  loads. 
Yield  criterion:  Stresses  will  not  violate  the  yield  criterion  of  the  material  because 
the  yield  criterion  is  used  to  determine  the  steel  areas. 
ax 
Ir-YI 
4 
Figure  3.9:  Case  boundary  graph  for  orthogonal  reinforcement 
Plain  numerals  represent  boundary  curve  Nos.  while  ringed  numerals  represent  case  Nos. 
Mechanism  condition:  Under  ultimate  load,  the  structure  will  develop  sufficient 
plastic  hinges  to  transform  it  into  a  mechanism  because  the  resisting  forces  are 
exactly  equal  to  the  applied  loads  and  therefore,  theoretically,  all  points  of  the 
structure  will  yield  simultaneously.  Practically,  however,  this  is  not  possible  because 
it  is  difficult  to  provide  exactly  the  required  reinforcement  for  each  point  in  the 
structure. 
3.6.2:  Reduction  of  ductility  demand 
When  applying  the  theory  of  plasticity  to  reinforced  or  prestressed  concrete 
structures,  it  is  important  to  realise  that  they  have  limited  ductility.  Direct  design 
method,  in  addition  to  the  satisfaction  of  the  conditions  in  sub-section  3.6.1  also 
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reduces  the  ductility  demand  made  by  the  theory  of  plasticity.  This  is  achieved  by 
the  'simultaneous'  yielding  of  all  points  in  the  structure.  In  other  words  the 
difference  between  the  first  yield  load  and  ultimate  load  will  be  as  small  as 
practicable. 
3.6.3:  Multiple  load  cases 
The  previous  design  equations  apply  when  the  structure  is  subjected  to  a  stress  field 
resulting  from  a  single  load  case.  That  means  one  in-plane  force  triad 
(N.,, 
i,  NY,,  N,,,  )  and  one  corresponding  reinforcement 
(N,  ' 
i,  Ný)  for  every  point  i  in 
the  structure  due  to  the  single  applied  load  case. 
In  practice,  structures  are  designed  for  multiple  load  cases  as  shown  in  figure  3.10. 
These  load  cases  are  possible  load  combinations  that  the  structure  might  be 
subjected  to  during  its  existence.  The  economic  solution  is  the  one  which  gives  safe 
design  with  least  reinforcement.  An  advantage  of  the  direct  design  method  is  that  it 
can  also  handle  this  multiple  load  cases  easily  as  follows: 
1.  For  every  point  i  in  the  structure  under  each  load  case  j  calculate 
(N.,, 
U, 
Ny1j,  N,,  ) 
and  corresponding 
(N,  ' 
V, 
Ny'v). 
2.  Select  the  largest  N,,,  from  all  load  cases  and  use  it  in  the  yield  criterion  (Eq. 
3.4)  to  fmd  the  minimum  N,  ',  which  satisfy  this  equation.  Find  N,  ' 
y+  NY'V. 
3.  Select  the  largest  NY.  from  all  load  cases  and  use  it  in  the  yield  criterion  (Eq. 
3.4)  to  find  the  minimum  N.,,,  which  satisfy  this  equation.  Find  N,  ',,  +  Ny',  J. 
4.  The  least  reinforcement  (N,,  '  U+N;  ý)  from  steps  2  and  3  is  the  optimal 
reinforcement  at  point  i. 
Of  course  if  the  largest  N,  ", 
y 
from  step  2  and  the  largest  NY'jj  from  step  3  are  used, 
the  structure  will  be  safe  but  steel  reinforcement  is  not  economical. 
It  has  to  be  observed  that  with  above  procedures  used  for  designing  reinforcement, 
at  ultimate  load,  not  all  points  yield  simultaneously  for  all  load  cases.  Thus  the 
structure  might  not  become  a  mechanism  and  the  true  ultimate  load  can  be  larger 
than  the  design  load. 
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3.6.4:  Comparison  between  the  direct  design  method  and  the  truss  analogy 
As  discussed  in  section  2.3  of  chapter  2,  the  truss  analogy  has  received  more 
attention  and  given  preference  over  the  skew-bending  method.  Therefore,  here  a 
comparison  between  the  truss  analogy  and  the  direct  design  method  is  made.  Table 
3.4  shows  the  required  reinforcement  for  hollow  beams  based  on  the  direct  design 
method  and  in  the  truss  analogy  for  hollow  beams.  Detailed  design  procedure  using 
the  direct  design  method  is  presented  in  chapter  5,  while  for  the  truss  analogy  the 
example  in  appendix  A  was  followed.  Elastic  stress  distribution  was  used  in  the  case 
of  the  direct  design  method.  Three  angles  for  the  compressive  diagonals  as 
recommended  by  several  researchers  were  used  in  the  case  of  truss  analogy.  It  can 
be  seen  that  the  direct  design  approach  leads  to  steel  requirement  close  to  the  truss 
analogy  when  the  angle  of  inclination  of  the  diagonals  is  45'.  Less  longitudinal  but 
more  transverse  steel  is  required  by  the  direct  design  method  than  the  truss  analogy 
when  the  angle  is  26.570.  When  the  angle  is  63.43*  the  direct  design  method 
requires  much  less  transverse  reinforcement  but  slightly  more  longitudinal 
reinforcement  than  the  truss  analogy. 
From  this  comparison  it  is  possible  to  say  that  although  the  direct  design  method 
does  not  necessarily  lead  to  less  reinforcement  but  it  is  more  systematic  and  not 
relying  on  the  selection  of  the  angle  of  inclination  of  the  compressive  diagonals. 
1-2 
Case  1 
Case  2 
Case  3  "m" 
Case  4 
Fig.  3.10:  Multiple  load  cases 
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Table  3A  Steel  requirement  using  the  direct  design  method  and  the  truss  analogy 
Tnm  Analogy 
Applied  load  Direct  Design  Method  a=  26.5  70  a  a=  45.000  a=  63.430 
m  v  A,  A.,  A. 
E 
Av 
-- 
A. 
-  - 
A. 
- 
A,  A. 
kN.  m.  kN.  kN.  m. 
Wm-=  -m-m-  =/m 
mm 
-m 
m 
=/m 
- 
m  m-=  mmI/m  MM2  mm-1/m 
--7W-  -T46 
--  6TO  -9  --745-  --3=  Z=  604  106-) 
-ITW-  -7  141/ 
3.6.5:  Previous  usage 
The  direct  design  method  has  been  successfully  used  for  the  design  of  different 
structures  such  as:  design  of  reinforced  slabs  and  slab-beam  systems  [Hago  (1982)], 
design  of  shear  wall-slab  junctions  subjected  to  gravity  and  wind  loading  [Memon 
(1984)],  design  of  T-section  shear  walls  [El-Nuonu  (1985)],  design  of  reinforced 
beams  subjected  to  bending  and  torsion  [Ebireri  (1985)],  design  of  reinforced 
concrete  skew  slabs  [Abdel-Hafez  (1986)],  design  of  reinforced  and  partially 
prestressed  concrete  beams  subjected  to  multiple  combinations  of  bending  and 
torsion  [Moussa  (1988)],  design  of  reinforced  and  partially  prestressed  beams 
subjected  to  combined  load  of  bending  and  torsion  [Saadi  (1988)],  and  design  of 
deep  beams  and  slabs  [Bensalem  (1993)].  Also,  comparison  between  non-linear 
analysis  and  direct  design  method  in  reinforced  concrete  beams  subjected  to 
combined  load  of  bending,  torsion  and  shear  [EI-Hussein  (1994)]. 
3.7:  Beam  design 
3.7.1:  Hollow  beams 
The  main  stress  conditions  in  the  thin-walled  concrete  beams,  due  to  combined 
loading  of  torsion,  bending  and  shear,  are  those  of  direct  stresses  in  the  plates  of  box 
girder  as  shown  in  figure  3.11.  The  forces  involved  in  out-of-plane  bending  are  very 
small  and  can  be  ignored.  At  any  point  in  the  cross-section  a  biaxial  state  of  stress  is 
maintained.  At  the  top  and  bottom  flanges,  normal  stress  due  to  bending  is 
combined  with  the  shear  stress  due  to  torsion.  This  can  be  used  to  calculate  the 
required  reinforcement  in  the  flanges.  Similarly,  in  the  webs,  the  normal  stress  due 
to  bending  is  combined  with  the  net  shear  stress  due  to  shear  force  and  torsion.  This 
can  be  used  to  calculate  the  required  reinforcement  in  the  webs.  This  suggests  that 
the  design  equations  derived  above  can  be  used  in  the  direct  design  procedure  to 
calculate  the  required  reinforcement  at  each  section.  This  procedure  is  used  in 
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chapter  five  for  the  design  of  reinforced  and  partially  prestressed  concrete  hollow 
beams.  The  minimum  wall  thickness  for  torsional  resistance  in  hollow  beams  as 
suggested  by  Thurlimann  (1979)  is  1/6  the  diameter  of  the  largest  circle  inscribed 
into  the  perimeter  connecting  the  comer  longitudinal  bars  as  in  figure  3.12.  This  is 
based  on  tests  which  revealed  that  the  torsional  strength  of  beams  relies  on  the  outer 
concrete  shell  of  about  this  value.  In  this  study,  the  wall  thickness  was 
conservatively  taken  as  1/6  of  the  outer  dimension  of  the  tested  beam. 
Bending  +  Torsion  +  Shear 
Fig.  3.11:  Stresses  in  a  hollow  section 
Diameter 
-------------  > 
th 
Comer  bar 
Wal  thickness 
. 11-1  -----------------  ; ý, 
Fig.  3.12:  Circle  connecting  the  centre  line  of  comer  bars 
3.7.2:  Solid  beams 
In  solid  beams  subjected  to  torsion,  bending  and  shear  the  general  state  of  stress  is 
tri-axial.  However,  torsional  shear  stress  is  concentrated  in  the  outer  periphery  and 
the  shear  stress  due  to  shear  force  is  minimal  in  the  top  and  bottom  strips.  Therefore, 
if  the  torsional  resistance  of  the  core  and  the  direct  shear  resistance  of  top  and 
bottom  strips  are  ignored,  a  bi-axial  state  of  stress  is  formed  in  every  part  of  the 
beam  similar  to  hollow  beams.  More  about  the  design  of  solid  beams  is  presented  in 
chapters  ten  and  eleven. 
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4.1:  Introduction 
The  aim  of  this  chapter  is  to  explain  the  experimental  set  up  used  to  study  the 
strength  and  behaviour  characteristics  of  rectangular  reinforced  and  partially 
prestressed  hollow  and  solid  beams  subjected  to  combined  loading  of  torsion, 
bending  moment  and  shear  force. 
The  investigation  of  the  beams  was  carried  out  to  study  the  followings: 
e  Load-displacement  relationship. 
40  Strain  distribution  in  steel  and  concrete. 
"  Load-twist  relationship. 
"  Failure  characteristics. 
"  Crack  pattern  and  crack  propagation. 
4.2:  Description  of  testing  rig 
The  'test  rig'  shown  in  figure  4.1a  is  a  three-dimensional  frame  designed  to  allow 
application  of  torsion,  bending  moment  and  shear  force.  The  beam  was  300000min 
cross-section  and  3.8m  length.  It  was  simply  supported  by  a  set  of  two  perpendicular 
rollers  at  each  support  as  shown  in  figure  4.1b.  The  lower  roller  allows  axial 
displacement  and  the  upper  one  allows  rotation  about  a  horizontal  axis  at  the  soffit 
level  of  the  beam.  The  diameter  of  each  roller  was  100mm.  and  the  length  was 
300mm.  The  rollers  were  separated  by  300x3OOx2Omm  steel  plates.  Similar  plates 
were  used  between  the  rollers  and  the  beam  soffit  and  the  support. 
Torsion  was  applied  by  means  of  torsion  arm  fixed  to  each  end  of  the  beam.  The 
torsion  arm  was  made  of  rectangular  steel  sections  as  shown  in  figure  4.1c.  The  net 
torsion  lever  arm  was  1.3m.  A  rectangular  frame  with  adjustment  screws  fixed  to  a 
25min  steel  plates  was  built  in  the  torsion  arm  to  fix  it  to  the  beam.  The  adjustment 
screws  allow  for  variations  of  specimen  sizes  within  the  frame.  2mm.  thick  plastic 
sheets  were  used  as  soft  contact  between  the  beam  and  the  steel  plates  and  to  prevent 
local  stress  concentration.  Bending  moment  and  shear  force  were  applied  at  the  mid- 
span  across  the  beam  width  at  the  top  face  as  shown  in  figure  4.1d.  Using  cement 
plaster  a3  00x  I  OOx3  Omm.  steel  plate  was  placed  on  the  top  face  at  mid-span.  A  set  of 
a  pin  and  a  roller  system  was  installed  below  the  load  cell.  The  pin  prevented  rigid 
body  motion  and  the  roller  allowed  rotation  about  horizontal  beam  axis.  At  each Chapter  4  Exverimental  set  up 
load  point  a  hydraulic  jack  and  a  load  cell  were  installed.  The  jack  was  operated 
using  a  manual  hydraulic  pump  and  the  load  cell  was  connected  to  a  data  logger  for 
recording  the  applied  load.  This  support  and  loading  arrangement  allowed  full 
rotation  about  the  centre  line  of  the  beam  soffit  and  displacement  in  the  beam  axial 
direction. 
40 
Fig.  4.1  a:  Test  rig  with  a  typical  beam  installation 
Fig.  4.1  b:  Set  ot'perpendicular  rollers Chapter  4  Experimental  set  u 
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Fig.  4.1  c:  Torsion  arm  with  a  jack  and  load  cell  installed 
Fig.  4.1  d:  Jack,  load  cell  and  pin  and  roller  system  at  mid-span  oftop  face Charter  4  Experimental  set  u 
The  model  was  mounted  on  two  steel  stools  fixed  to  the  concrete  floor  at  a  distance 
of  1.8m  a  part.  The  torsional  arms  were  at  the  ends  of  the  specimen.  This 
arrangement  gave  constant  torsional  shear  stress  over  the  entire  length  of  the  beam 
and  maximum  normal  stress  due  to  bending  and  shear  stress  due  to  shear  force 
occurred  near  the  mid-span.  The  test  span  was  1.2m  long  centred  at  mid-span. 
4.3:  Material  used 
4.3.1:  Concrete 
The  concrete  mix  consisted  of  Rapid  Hardening  Portland  Cement,  10mm  uncrushed 
gravel  and  sand  from  Lanarkshire.  The  manual  'Design  of  Normal  Concrete  Mixes' 
published  by  the  Department  of  Environment  UK  in  1988  was  used  for  the  design  of 
the  concrete  mixes.  The  mix  design  was  based  on  an  average  cube  strength  of 
40N/mm  2  at  seven  days.  To  ensure  adequate  flow  of  fresh  concrete  into  the  thin 
walls  of  the  beam,  a  minimum  slump  of  100mm.  was  specified.  Six  concrete  cubes 
(100mm)  and  six  cylinders  (150000mm)  were  cast  for  each  beam  from  the 
concrete  used  for  the  beam.  A  vibrating  table  was  used  for  compacting  the  samples 
while  the  beam  was  vibrated  using  an  external  vibrator  attached  to  the  shuttering. 
Three  cubes  and  three  cylinders  for  each  beam  were  kept  in  a  curing  tank  until  the 
day  the  beam  was  tested.  The  beam  and  the  rest  of  the  cubes  and  cylinders  were  kept 
under  damp  hessian  for  about  four  days  and  then  under  room  condition.  All  samples 
were  tested  on  the  day  the  beam  was  tested  to  determine  the  cube  and  cylinder 
compressive  strengths,  split  cylinder  tensile  strength  and  the  static  modulus  of 
elasticity  of  concrete. 
4.3.2:  Reinforcing  steel 
High  yield  deformed  bars  of  diameter  8,10  and  12mm  were  used  for  longitudinal 
reinforcement  while  8mm.  bar  was  used  for  the  stirrups.  The  average  yield  stress  of 
the  reinforcement  was  about  490N/mm2.  The  calculated  reinforcement  was  used  in 
the  test  span.  Between  the  test  span  and  the  beam  ends,  more  longitudinal  and 
transverse  steel  was  used  to  resist  negative  moment  at  the  supports  and  to  ensure 
failure  occurred  in  the  test  span.  The  yield  stress  of  the  bars  was  determined 
according  to  the  British  standard.  Using  a  proof  strain  of  0.2%,  the  mean  tensile 
stress  was  used  in  the  design  of  reinforcement. 
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4.3.3:  Prestressing  wires 
In  partially  prestressed  beams,  5mm  diameter  wires  were  used.  The  yield  strength  of 
2 
the  wires  was  1570N/mm 
. 
Only  two  wires  in  the  bottom  flange  were  strain  gauged 
with  minimal  number  of  strain  gauges  to  minimise  the  possibility  of  reducing  the 
wire  effective  diameter.  The  wires  were  prestressed  one  day  before  casting  and 
released  at  least  three  days  after  casting.  The  force  and  strain  in  each  wire  was 
continuously  monitored  from  the  time  the  wire  was  stressed  until  just  before  moving 
the  beam  to  the  test  rig.  After  the  beam  was  installed  on  the  rig,  the  wires  were 
hooked  again  to  the  data  logger  for  strain  measurement.  The  pre-testing  strain  was 
added  to  the  strain  measured  during  testing. 
4.4:  Mould  and  specimen  construction 
The  form  work  for  hollow  reinforced  beams  was  made  up  of  two  parts,  an  internal 
core  and  an  open  external  box.  The  internal  core  was  made  up  of  four 
IOOx5Ox3800mm  steel  hollow  sections  covered  with  a  2mm.  thick  plywood  as 
shown  in  figure  4.2a.  The  steel  sections  were  connected  by  screwed  rods  only  at  the 
ends  to  maintain  relative  position  of  the  sections  and  to  allow  easy  dismantling  (Fig. 
4.2b).  The  external  dimensions  of  the  internal  core  were  200x2OOx3800mm.  The 
external  box  was  made  of  20mm.  thick  marine  plywood  strengthened  by  50x5Omrn 
horizontal  and  vertical  wooden  battens.  The  internal  dimensions  of  the  external  box 
were  3000000800mm.  The  initial  preparation  for  construction  of  the  specimen 
consisted  of  erecting  the  internal  steel  rectangular  section  to  form  a  steel  skeleton. 
The  2min  thick  plywood  was  lightly  glued  to  the  skeleton  and  painted  using  oil 
paint.  The  reinforcing  bars  and  stirrups  were  then  placed  in  position  and  tied  around 
the  internal  core.  Plastic  spacers  were  used  to  maintain  reinforcement  in  position. 
Care  was  taken  not  to  damage  the  strain  gauges  or  the  electrical  wires.  The  external 
box  was  cleaned  and  coated  with  a  demoulding  oil.  The  internal  core  encased  with 
the  steel  cage  was  placed  inside  the  box.  Finally,  the  end  caps  were  screwed  to  the 
ends  of  the  box  to  ensure  correct  position  of  the  internal  core  and  made  ready  for 
concrete  casting.  The  concrete  was  mixed  using  a  rotating  drum  with  a  special 
mixer.  The  concrete  was  shovelled  into  the  mould  and  samples  were  taken.  A  few 
hours  after  casting,  the  beam  was  covered  with  damp  hessian.  Next  day  the  samples 
were  demoulded  and  some  of  them  were  put  in  a  water  tank  while  the  rest  were  kept 
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with  the  beam.  After  three  days  of  wet  curing,  the  internal  steel  skeleton  was 
carefully  dismantled  and  withdrawn,  leaving  the  plywood  still  in  place.  The 
plywood  sheets  were  then  leavered  off.  To  avoid  local  distortion  during  torsional 
loading,  the  outer  600mm.  of  each  end  was  filled  with  concrete  to  make  it  solid. 
After  about  seven  days,  the  beam  was  carefully  taken  out  of  the  external  box.  On  the 
following  day,  the  beam  was  cleaned,  painted  and  marked.  The  beam  was  then 
installed  on  the  rig,  hooked  to  the  data  logger  and  made  ready  for  testing.  In  the  case 
of  partially  prestressed  beams,  the  beams  were  pretensioned  using  a  simple  rig 
developed  in  the  laboratory.  The  rig  consisted  of  four  50xl00x5000mm.  longitudinal 
hollow  steel  sections  and  two  50xl00xl000mm  transverse  hollow  sections  and  two 
5  Ox  I  OOx5  00mm  vertical  hollow  sections  at  each  end  to  hold  the  longitudinal  ones  in 
position.  Two  50xlOOxIOOOmm  sliding  hollow  sections  were  used  at  each  end  for 
positioning  the  prestressing  wires.  This  rig  formed  an  external  frame  which 
contained  the  external  wooden  box  and  the  core  as  can  be  seen  in  figure  4.2c.  The 
wires  were  tensioned  using  a  simple  arrangement  of  two  nuts  with  ball  bearings 
such  that  the  wire  could  be  stressed  by  a  pair  of  spanners  tightening  the  nuts.  The 
ball  bearings  prevented  the  twisting  of  the  wires  while  tensioning.  The  force  in  the 
wires  was  measured  using  a  simple  load  cell  developed  for  this  purpose  as  shown  in 
figure  4.2d. 
4.5:  Instrumentation 
All  the  models  were  instrumented  to  measure  the  load  and  both  global  and  local 
deformations. 
4.5.1:  Loads 
Torsion,  bending  and  shear  loads  were  applied  using  manually  operated  hydraulic 
pumps  connected  to  hydraulic  jacks.  The  load  cells  were  used  to  measure  the  load  at 
each  jack  location.  The  load  cells  were  connected  to  a  data  logger  for  data 
acquisition. 
Figure  4.3  shows  the  loading  arrangement  for  beams  under  combined  loading  of 
torsion,  bending  and  shear  including  self  weight  of  beam  and  torsion  arms. 
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Fig.  4.2a:  Internal  steel  box  partially  covered  by  plywood 
Fig.  4.2b:  Internal  steel  box  cross-section Chapter  4  Experimental  set  up 
Fig.  4.2c:  Pretensioning  fig,  sliding  sections,  load  cells,  data  logger,  external  wooden  box  and 
vibrator 
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Fig.  4.2d:  Close  up  of  the  prestressing  load  cell Chapter  4  Experimental  set  u 
Bending  morne 
Shear  force 
Torsion 
Fig.  4.3:  Loading  and  support  an-angement 
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4.5.2:  Global  deformations 
Global  deformations  comprises  of  twist  and  displacement.  They  were  measured  at 
various  points  within  the  test  span  by  means  of  electrical  displacement  transducers. 
To  facilitate  recording  of  results,  linear  voltage  displacement  transducers  (LVDT) 
were  used  in  conjunction  with  an  automatic  data  storing  and  processing  system. 
4.5.2.1:  Displacement 
The  vertical  displacement  of  the  beam  was  measured  by  means  of  transducers 
located  on  the  centreline  of  the  bottom  face  as  shown  in  figure  4.4a. 
4.5.2.2:  Twist 
For  the  measurement  of  twist,  three  transducers  were  located  on  the  centreline  of  the 
front  and  back  faces  as  shown  in  figures  4.4b-c.  Rotation  at  any  of  the  vertical 
sections  was  obtained  by  dividing  the  vertical  difference  in  displacement  between 
directly  opposite  transducers  by  the  distance  between  these  points  as  shown  in  figure 
4.5a.  Using  the  notations  in  this  figure  the  angle  of  twist  is  equal  to  (dý+df)/Lh-  In  the 
tested  beams,  the  relative  twist  is  the  difference  between  the  angle  of  twist  02 
caused  by  the  displacements  in  transducers  6  and  9  (Fig.  4.4)  and  the  angle  of  twist 
0,  caused  by  the  displacements  in  transducers  4  and  7.  The  rate  of  twist 
V=  (02  -  01)  /  a,  where  a  is  the  distance  between  the  two  sections  (Fig.  4.5b). 
4.5.3:  Local  deformation 
4.5.3.1:  Strains 
Strain  in  the  longitudinal  and  transverse  steel  was  measured  by  means  of  6mm.  long 
electrical  resistance  strain  gauges  type  EA.  06-24OLZ-120  connected  to  a  linear 
voltage  processing  data  logger.  The  preparation  of  the  strain  gauge  installation  area 
required  the  surface  to  be  filed  and  smoothened  with  sand  paper.  Care  was  taken  not 
to  remove  excessive  area  of  steel  during  this  operation.  The  surface  was  then  treated 
with  M-prep  conditioner  and  M-prep  neutraliser  5A  to  remove  dirt  and  obtain  a 
shining  surface.  The  strain  gauge  and  its  terminal  were  stuck  to  the  steel  surface 
using  M-bond  200  adhesive.  Three  0.5mm  diameter  wires  were  carefully  soldiered 
to  the  terminal  and  the  strain  gauge.  These  wires  were  connected  to  the  data  logger 
for  measuring  strain.  The  strain  gauge  and  the  terminal  surfaces  were  cleaned  using 
M-line  rosin  solvent  applied  with  a  small  fine  brush. 
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Test  span 
1  (2)2  Q)  3 
-  180omm 
1  (-  3800  mm  bi I 
(a):  LVDT  at  the  bottom  face 
Test  span 
180omm 
14  3800  mm  j 
(b):  LVDT  at  the  front  face 
14  Testspan 
67 
1800  mn 
14  3800rmn 
(c):  LVDT  at  the  back  face 
Fig.  4A  Location  of  transducers 
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(a):  Angle  of  twist  at  a  section  0,  =  (df+cl,  )/Lh 
01 
(b):  Rate  of  twist  V=  (02  -  01  )/ 
Fig.  4.5:  Deformation  of  beam  section  due  to  torsion 
02 
For  the  protection  of  the  gauge  and  terminal  against  moisture  and  mechanical 
damage  during  casting,  first  M-coat  D  air  drying  acrylic  coating  was  applied  and 
after  drying  a  quick  set  epoxy  adhesive  resin  was  used.  To  measure  strain  in  the 
bars,  a  pair  of  strain  gauges  was  fixed  on  directly  opposite  faces  of  the  bar. 
Accordingly,  the  axial  strain  recorded  at  each  load  stage  was  taken  as  the  average 
reading  of  both  gauges.  A  maximum  of  5  pairs  of  strain  gauges  were  fixed  to  each 
of  maximum  four  longitudinal  bars  in  each  reinforced  beam.  In  the  partially 
prestressed  beams,  a  maximum  of  three  pairs  of  strain  gauges  were  fixed  to  each  of 
two  wires  in  every  partially  prestressed  beam.  In  the  stirrups,  two  pairs  of  strain 
gauges  were  fixed  to  each  of  maximum  five  stirrups  in  each  beam.  Locations  of 
strain  gauges  will  be  shown  in  chapters  5  and  11. 
DEMEC  gauges  were  used  for  measuring  concrete  surface  strains.  Since  the  average 
strains  rather  than  the  very  localised  ones  of  a  cracked  beam  are  continuous  and 
related  to  one  another  in  various  directions  by  compatibility  requirements,  the 
average  concrete  strain  in  this  study  was  measured  over  a  gauge  length  of  100mm. 
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This  gauge  length  was  assumed  to  be  sufficiently  long  to  include  several  cracks. 
Figure  4.6  shows  locations  at  which  horizontal  and  vertical  concrete  strains  were 
measured  on  three  faces  of  the  beam  within  the  test  span. 
soomm 
Fig.  4.6:  DEMEC  gauge  locations  on  the  front,  top  and  rear  faces 
4.5.3.2:  Crack  width 
All  cracks  were  marked  at  each  load  stage  and  given  the  increment  number.  Crack 
widths  were  measured  by  means  of  a  crackwidth  measuring  microscope  (measuring 
to  0.02mm).  At  least  two  prominent  cracks  were  selected  on  each  face  of  the  beam. 
The  object  of  crackwidth  measurement  was  to  obtain  a  quantitative  measure  of  the 
severity  of  the  crack  instead  of  arbitrary  description  and  for  the  purpose  of 
monitoring  the  trend  of  crack  development. 
4.6:  Test  procedure 
For  each  experiment,  the  design  load  was  divided  into  ten  equal  load  increments. 
The  first  step  was  to  zero  all  load  cells  and  record  instrument  readings  with 
minimum  possible  loads  on  the  model.  Flexural  loads  were  normally  applied  before 
torsional  load  at  each  load  level.  To  allow  for  stable  deformation  to  take  place  after 
each  load  increment,  an  interval  of  about  one  minute  was  used  before  recording  the 
instrument  readings.  After  the  steel  strains  and  displacement  readings  were 
recorded,  cracks  were  marked  and  DEMEC  readings  were  taken  before  the  next  load 
was  applied.  The  beam  was  considered  to  have  collapsed  when  it  could  resist  no 
more  load.  This  usually  happened  after  a  major  crack  spiralled  around  the  beam 
cross-section  near  the  mid-span  dividing  the  beam  into  two  parts  connected  by  the 
longitudinal  reinforcement. 
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4.7:  Data  acquisition 
All  strain  gauges,  LVDTs  and  load  cells  were  connected  to  a  SOLARTRON 
ORION  data  logger.  The  strain  gauge  readings  were  in  micro  strains  positive  when 
elongation  and  negative  when  contraction,  the  displacement  readings  were  in 
millimetre  positive  when  downward  and  negative  when  upward  and  the  loading  was 
measured  in  kilo  Newton.  The  DEMECs  readings  were  taken  using  a  digital  signal 
conditioning  box. 
4.8:  Test  program 
In  this  research  seventeen  reinforced  and  partially  prestressed  beams  were  tested. 
There  were  eleven  hollow  beams  and  six solid  ones  as  shown  in  table  4.1. 
The  test  results  for  hollow  beams  are  discussed  in  chapters  five  and  nine  and  for  the 
solid  ones  are  discussed  in  chapters  ten  and  eleven. 
Table  4.1  Design  load  combinations  for  tested  beams 
Beam  Td  Vd  I  Md  Twl'rr  h, 
Td/Md 
-  -  No.  -  kN.  kN.  m.  -  n  ý  kN.  m.  Ratio.  lut  10. 
ams.  oo  w  Group  A:  Reinforced 
BTVI  13  21.08  14.89  2.28 
--  -  - 
0.87 
--  BTV2  13  41.08  9  T 
. 
rT 
-  - 
67D 
--  --  =vl-  13  61.08  50.  F  -  9.79 
-  - 
UT6 
--  -  --BTVT-  13  81.08  68.89  U.  37  TI7 
B7VS'- 
, 
26  21.08  14.89  4.56  1.75 
--  -  BTV6  26  41.08  9  U.  7F 
39  21.0  14.8'9 
-  39  4LUS  32.89  3.51  I.  IT 
Group  B:  PartiaUy  prestressed  hoflow  beams. 
-  BTV9  18  61.08  50.89  1.09  0.35 
--  -  -,  Tff=  26  21.08  14.89  T.  75 
-7NTVTr-  39  21.08  14.89  6.84 
Group  C:  Reinforced  solid  beams. 
BTV12 
- 
13  61.08  50.89 
' 
0.79 
--  - 
0.26 
--  -'TITVT3  26  61.08  50.9  T37 
-  - 
M 
-,  TffvT;  F  13  61.08  50.89  7vi 
-  -717VT3-  39  41.08  FTM  1.19 
Group  D:  Partial.  ly  prestressed  solid  beams. 
B  TT  V  IF66  13  50.  0.69 
39  41.08  32.89  M4  j  1.19- 
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5.1:  Introduction 
In  this  chapter  experimental  investigation  of  hollow  beams  designed  using  elastic 
stress  distribution  combined  with  the  direct  design  method  is  presented.  All  beams 
were  subjected  to  a  combined  load  of  torsion,  bending  and  shear.  The  beams  were 
constructed  and  tested  following  the  procedure  discussed  in  the  preceding  chapter. 
Beams  were  3.8m  long  with  a  test  span  of  1.2m.  centred  at  mid-span.  The  external 
dimension  of  the  cross-section  was  MOON=  with  a  50mm.  wall  thickness. 
Experimental  observation  is  presented  here  while  comparison  between  the 
experimental  and  computational  results  is  discussed  in  chapter  nine.  Appendix  B 
shows  a  complete  set  of  strain  gauge  readings  compared  with  computed  strains. 
5.2:  Design  stress  distribution 
Since  the  direct  design  method  requires  a  stress  field  to  be  used  for  the  calculation 
of  reinforcement,  it  is  worth  discussing  the  stress  distribution  which  gives  the  least 
required  reinforcement  for  the  geometry  of  the  beam  and  load  combinations  used  in 
this  research.  For  this  purpose,  the  required  reinforcement  for  three  typical 
reinforced  and  partially  prestressed  beams  using  elastic  and  plastic  stress 
distributions  are  compared.  The  yield  strength  for  unstressed  longitudinal  and 
transverse  steel  was  arbitrarily  taken  as  50ON/mm2.  In  partially  prestressed  beams, 
two  pairs  of  prestressing  wires  were  assumed,  each  wire  stressed  to  20kN  axial 
force.  The  eccentricity  for  each  pair  was  125  and  75mm  and  the  yield  stress  fpy  of 
the  wire  was  taken  as  1570N/MM2. 
5.2.1:  Elastic  stress  distribution  (Fig.  5.1a) 
In  elastic  stress  distribution,  the  normal  stress  due  to  bending  cr.  b  at  any  point  of  the 
beam  section  is  given  by  equation  5.1  and  the  shear  stressrg,  due  to  shear  force  is 
calculated  using  equation  5.2.  Equation  5.3  is  used  for  the  torsional  shear  stress  Tt,,,. 
axb=MY/1  5.1 
Tsh,  F=VQ/(Ib)  5.2 
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----------  7 
------- 
-------  ---  ----- 
)rahr 
ax 
, 
CA,  NA 
(a):  Elastic  stress  distribution  (Reinforced  or  partially  prestressed  beams) 
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Fig.  5.1:  Design  stress  distribution  in  hollow  beams  (CA  =  Centroidal  axis,  NA  =  Neutral  axis) 
Where: 
M,  T  and  V=  bending  moment,  torsion  and  shear  force  respectively. 
y  the  distance  from  the  centroidal  axis  to  the  centroid  of  the  partial  area. 
I  Centroidal  moment  of  inertia  of  the  hollow  section. 
Q=  fyd4.  The  statical  moment  of  area  about  the  neutral  axis  of  the  area  above  the 
a?  w 
section  where  the  shear  stress  is  required.. 
b=  breadth  of  the  solid  section  (300mm  in  the  flanges  and  2x5Omm  in  the  webs). 
t=  the  thickness  in  which  the  torsional  shear  stress  is  circulating  (50mm). 
AO  =  The  area  enclosed  by  the  centre  line  of  the  wall  thickness  of  the  hollow 
section. 
The  normal  stress  and  the  shear  stress  due  to  shear  force  from  equations  5.1  and  5.2 
are  uniformly  distributed  across  the  width  of  the  flanges  and  the  webs  and  vary 
through  the  depth.  The  shear  stress  due  to  torsion  is  assumed  to  be  circulating  in  the 
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50mm  thick  flanges  and  webs.  The  net  shear  stress  is  the  algebraic  sum  of  the  shear 
stress  due  to  shear  force  and  the  shear  stress  due  to  torsion. 
In  the  partially  prestressed  beams  the  net  axial  force  induces  normal  compressive 
stress  as  in  equation  5.4  and  normal  stress  due  to  bending  caused  by  the 
eccentricities  of  each  axial  force  as  in  equation  5.5. 
cr.,  ýIpj/k 
Cr,,  e=  (lPiei)y/I 
where: 
cr,,.  =  normal  compressive  stress  due  to  total  axial  force. 
EPi  =  total  axial  force  after  all  losses. 
A,  cross-sectional  area  of  the  beam. 
a.,  normal  stress  due  to  all  eccentric  axial  forces. 
Pi,  ej  =  axial  force  and  its  eccentricity  of  individual  wire. 
5.4 
5.5 
The  net  normal  stress  is  the  algebraic  sum  of  the  stresses  due  to  prestressing  cr,,,,  and 
cr.,  and  the  normal  stress  due  to  applied  bending  moment  a,,  b. 
5.2.2:  Plastic  stress  distribution  (Fig.  5.  lb-c) 
Bending  moment  is  resisted  by  constant  normal  stress  in  the  top  and  bottom  flanges. 
Similarly,  shear  stresses  due  to  shear  force  is  assumed  to  be  constant  and  act  in  the 
webs  only.  The  torsion  is  resisted  by  constant  shear  flow  in  all  the  sides  of  the  beam. 
In  the  case  of  partially  prestressed  beams,  the  assumptions  are  similar  except  that 
constant  normal  stress  acts  in  the  webs  as  well  to  account  for  the  presence  of  axial 
force 
Table  5.1  shows  the  required  longitudinal  and  transverse  reinforcement.  In  this  table 
A.  '  and  A,.  '  are  the  required  longitudinal  reinforcement  due  to  elastic  and  plastic 
stress  distributions  respectively  and  A'  and  AP  are  required  transverse 
SY  SY 
reinforcement  due  to  elastic  and  plastic  stress  distributions  respectively.  It  is  clear 
from  this  table  that  the  elastic  stress  distribution  requires  less  longitudinal  and 
transverse  reinforcement  than  the  plastic  stress  distribution.  This  is  due  to  the 
shorter  lever  arm  in  the  case  of  plastic  stress  distribution  in  the  partially  prerstressed 
beams  which  leads  to  larger  tensile  force  for  the  same  bending  moment.  Therefore, 
the  elastic  stress  distribution  is  used  in  the  design  of  hollow  beams  in  this  research. 
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Table  5.1:  Required  reinforcement  using  elastic  and  plastic  stress  distributions 
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:::  30  4U  1.  U8 
Li 
191  414 
IV  Z.,  /  .  1/ 
5.3:  Design  Examples 
Using  the  elastic  stress  distribution,  a  typical  design  example  for  a  reinforced  beam 
and  another  for  partially  prestressed  beam  are  presented.  The  beam  section  is 
divided  into  50x5Omrn  cells  as  in  figure  5.2  and  the  torsion,  bending  moment  and 
shear  force  at  a  cross-section  are  calculated.  From  these  applied  loads  the  resisting 
nonnal  and  shear  stresses  are  calculated.  These  stresses  are  used  in  Nielsen's 
equations  for  the  calculation  of  required  reinforcement.  In  the  case  of  partially 
prestressed  beams,  normal  stresses  due  to  prestressing  forces  are  added  to  the  stress 
from  applied  bending  moment. 
8 
b=300tnm 
Front  half  Back  half 
---------------------- 
1  Vi4fth  1  vAdth 
Fig.  5.2:  Regions  in  the  cross  section 
*  Reinforced  concrete  beam:  Calculate  required  reinforcement  for  a  hollow 
section  to  resist  13kNm  torsion,  36kNm  bending  moment  and  40kN  shear  force. 
The  cross-section  is  300x3OOmm  with  a  200x2OOmm  hollow  core.  The  steel  yield 
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stress  for  the  longitudinal  fy  and  transverse  fyv  reinforcement  is  50ON/mm 
2 
and 
2 
the  concrete  cube  compressive  strength  f,,,  is  40N/mm 
Solution: 
1.  Calculate  the  normal  stress  cr.  using  equation  5.1  (Table  5.2a). 
2.  Calculate  the  shear  stress  due  to  shear  force  Thr  using  equation  5.2  (Table  5.2b). 
3.  Calculate  the  shear  stress  due  to  torsion  Ttor  using  equation  5.3  (Table  5.2c). 
4.  Add  the  shear  stresses  from  table  5.2b  and  table  5.2c  to  get  the  net  shear  stress  T 
(Table  5.2d). 
5.  Calculate  the  ratio  Of  CF,,  /T  (Table  5.2e). 
6.  Select  Nielsen's  design  case  (Fig.  3.8)  based  on  the  ratios  in  step  5  (Table  5.2f). 
7.  Use  the  corresponding  Nielsen's  equation  (Fig.  3.8)  to  calculate  the  forces  per 
unit  length  N,,  '  and  NY'  in  x  and  y  or  z  directions  respectively  (Tables  5.2g  and 
5.2j).  Also,  check  that  the  compressive  principal  stress  does  not  exceed  the  value 
of  the  concrete  cube  strength.  If  it  does,  the  wall  thickness  or  the  concrete  cube 
strength  has  to  be  increased.  This  was  not  necessary  in  this  case. 
8.  In  each  cell,  the  required  longitudinal  reinforcement  A,  and  transverse 
reinforcement  A  to  resist  the  forces  in  step  7  are  finally  calculated  as  follows 
(Tables  5.2h  and  5.2k): 
2 
,/ 
fy)t,  where  t  is  the  thickness  of  the  cell.  A.  is  in  mm.  A  (N,  ' 
A,  (NY'  /f  jI  000.  At  is  in  mm2/m. 
Partially  prestressed  beam:  Calculate  required  reinforcement  for  a  partially 
prestressed  beam  with  same  loads  and  material  as  described  above.  For 
prestressing,  four  5mm  diameter  wires  were  used,  each  stressed  to  a  net  force  of 
20kN  after  losses.  The  eccentricity  for  the  first  pair  was  125mm.  and  for  the 
second  pair  was  75mm.  The  yield  strength  of  the  wires  fpy  was  1570N/MM2. 
Solution: 
1.  Calculate  normal  stress  due  to  applied  bending  moment  cr,,  b  using  equation  5.1 
(Table  5.3a). 
2.  Calculate  normal  stress  due  to  axial  compressive  force  cr..  using  equation  5.4 
(Table  5.3b). 
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3.  Calculate  the  normal  stress  due  to  eccentricities  cr,,,  using  equation  5.5  (Table 
5.3c). 
4.  Calculate  the  normal  stress  atn  at  transfer  (Table  5.3d).  That  is  when  only 
prestress  forces  act.  The  tensile  stress  at  the  top  of  the  beam  (if  any)  should  be 
negligible  or reinforcement  should  be  provided.  Also  check  that  the  compressive 
stress  at  the  bottom  does  not  exceed  the  concrete  compressive  strength,  otherwise 
concrete  strength  or cross-section  dimension  should  be  increased. 
Table  5.2:  Design  calculation  for  reinforced  beam 
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Table  5.3:  Design  calculation  for  partially  prestressed  beam 
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5.  Calculate  the  service  normal  stress  a,,,,  (Table  5.3e).  That  is  when  all  loads  are 
simultaneously  applied. 
6.  Calculate  the  shear  stress  due  to  shear  forcerhr  using  equation  5.2  (Table  5.3f). 
7.  Calculate  the  shear  stress  due  to  torsion  -r.,  using  equation  5.3  (Table  5.3g). 
8.  Calculate  the  net  shear  stress  -r  (Table  5.3h). 
9.  The  ratio  of  a.,  ýT  is  given  in  table  5.3j. 
10.  Select  Nielsen's  design  case  (Fig.  3.8)  based  on  the  ratios  in  step  9  (Table  5.3k). 
11.  Use  the  corresponding  Nielsen's  equations  (Fig.  3.8)  to  calculate  the  forces  per 
unit  length  N.  '  and  N,  '  in  x  and  y  or  z  directions  respectively  (Tables  5.3m.  and 
5.3p).  Also,  check  that  the  compressive  principal  stress  is  not  exceeding  the  value 
of  the  concrete  cube  strength.  If  it  does  the  wall  thickness  or  the  concrete  cube 
strength  has  to  be  increased. 
12.  The  required  reinforcement  to  resist  the  forces  in  step  II  are  finally  calculated 
as  follows  (Tables  5.3n  and  5.3q): 
2 
A,,  =  (N,  ' 
,  mm.  ,/ 
fy)t 
,  where  t  is  the  thickness  of  the  cell.  A,,  is  in 
A,  =  (NY'  /  fY,  )I  000.  At  is  in  mm  2  /M. 
In  the  cells  were  the  prestressing  wires  are  present  the  prestressing  wires  are 
assumed  to  act  as  unstressed  steel  with  a  yield  stress  equal  to  the  difference  between 
the  yield  stress  fpy  and  the  stress  at  service  fp,  (Fig.  5.3)  using  the  following 
equation: 
tN,  '  A,,  fy  +AvC  fPY  -  fp, 
or 
N,  '  -- 
L'P 
(fPY  -  fp,  fy  ]t 
t 
where: 
Av  =  area  of  prestressing  wire. 
fp,,  =  yield  strength  of  the  prestressing  wire. 
f=  effi 
'P. 
ective  prestress  stress  in  the  wire  at  service. 
t=  thickness  of  the  cell. 
A.,  =  additional  unstressed  steel  required. 
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f,  =  yield  stress  of  unstressed  steel. 
0 0 
-9 cn 
Fig.  5.3:  Transfer  and  service  stresses  in  a  prestressing  wire 
The  above  calculated  values  of  Ax  and  At  are  the  required  reinforcement  for  each 
cell  in  the  x  and  y  or  z  directions  respectively. 
5.4:  Required  and  provided  reinforcement 
Due  to  the  loading  and  support  arrangement,  torsion  is  constant  along  the  beam 
length  while  the  bending  moment  and  shear  force  vary  along  the  beam  as  shown  in 
figure  4.3  of  chapter  4.  In  addition,  at  any  cross-section,  the  normal  stress  is 
uniformly  distributed  across  the  width  of  the  flanges  and  the  webs.  However,  in  the 
webs  the  shear  stresses,  to  the  right  of  mid-span,  are  additives  in  the  front  web  and 
subtractive  in  the  back  web.  On  the  other  hand,  in  the  webs  to  the  left  of  mid-span, 
shear  stresses  are  additives  in  the  back  web  and  subtractive  in  the  front  web.  The 
theoretically  required  longitudinal  and  transverse  reinforcement  is  naturally  larger  in 
the  region  where  the  stresses  are  added  than  where  they  are  subtracted. 
The  theoretically  required  reinforcement  is  practically  difficult  to  provide  exactly 
for  the  following  reasons: 
1.  In  the  front  web  of  the  beam,  the  reinforcement  to  the  right  of  the  mid-span  is 
larger  than  the  reinforcement  to  the  left.  In  the  back  web,  this  situation  is 
reversed. 
2.  The  reinforcement  is  largest  at  mid-span  and  decreases  towards  the  supports. 
3.  The  reinforcement  for  the  top  and  bottom  flanges  are  constant  across  the  width 
and  vary  along  the  span. 
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4.  The  transverse  reinforcement  in  the  front  and  back  webs  vary with  the  depth  and 
the  location  along  the  span. 
5.  Commercially  available  bar  sizes  do  not  always  fit  the  exact  steel  requirement. 
For  these  reasons  the  largest  required  reinforcement  was  provided  in  the  hollow 
beams  for  the  whole  cross-section  in  the  whole  test  span.  The  term  'largest' 
corresponds  to  the  steel  area  calculated  at  mid-span  section  and  to  the  location 
where  the  shear  stresses  are  added.  Providing  the  largest  reinforcement,  of  course, 
leads  to  some  sections  being  over  designed. 
In  tables  5.2-3,  Af  is  the  summation  of  the  required  longitudinal  reinforcement  in 
SX 
the  front  half  of  the  beam  width  where  the  shear  stresses  are  added  and  A.  b  is  the 
summation  of  the  longitudinal  reinforcement  in  the  back  half  where  the  stresses  are 
subtracted.  Af  is  the  largest  required  leg  area  in  the  front  web  and  A'  is  the 
SY  SY 
required  leg  area  in  the  corresponding  cell  in  the  back  web  at  the  same  level.  In  the 
hollow  beams  studied  in  this  research,  Aý  was  provided  for  both  half  widths  of  the 
beam  as  longitudinal  reinforcement  and  Af  was  used  as  stirrup  leg  area  for  the  jY 
whole  cross-section.  This  reinforcement  was  provided  in  whole  test  span.  Outside 
the  test  span,  more  reinforcement  was  provided  to  resist  the  negative  moment  above 
the  supports  and  to  ensure  failure  in  the  test  span. 
5.5:  Test  beams 
Table  5.4  shows  the  hollow  beams  tested  in  this  research.  The  main  variables 
studied  were  the  ratio  of  the  maximum  elastic  shear  stress  Ttor  due  to  torsion  to  the 
maximum  elastic  shear  stress  rh,  due  to  shear  force  and  the  ratio  of  the  ultimate 
design  torsion  Td  to  bending  moment  Md.  The  ratio  rwý,  rh,  varied  between  0.59  to 
6.84  and  the  ratio  Td/Md  varied  between  0.26  to  2.62.  This  large  variation  of  the 
ratios  allowed  examining  the  applicability  of  the  direct  design  method  in  designing 
hollow  beams  with  different  load  combinations.  All  beams  were  designed  using 
elastic  stress  distribution  combined  with  the  direct  design  method  as  explained  in  the 
previous  examples.  The  centre  line  of  wall  thickness  coincides  with  line  passing 
between  the  stirrup  leg  and  the  comer  longitudinal  bars. 
62 Chapter  5  Experimental  investigation  of  hollow  beams 
Longitudinal  and  transverse  reinforcement  in  the  600mm  region  to  the  right  of  mid- 
span  were  strain  gauged.  In  this  region  the  shear  stresses  are  added  in  the  front  web 
and  subtracted  in  back  web.  This  leads  to  small  negative  load  factor  value  when 
there  is  no  external  load  applied.  The  strain  gauges  and  their  locations  are  shown  in 
table  5.5  and  in  figure  5.4. 
Table  5A  Tests  on  hollow  beams 
Beam  Td  T 
tor 
Md  Vd  Td,  'rto,  /  T.,,,  Td/Md 
No. 
- 
kNm  N/mmý  kNm  kN  N/mm'  Ratio  -Ratio 
Z  roup  A:  Reintorced  concrete  hollow  beams 
BTVI  13  2.08  14.89  21.08  0.91  2.28  0.87 
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BTV9  18  2.88  ý5U.  89  61.08  2.64  1.09  0.35 
-  -  -  -  -  -  -HTVM  37  TTW  =  07)T 
Table  5.5:  Location  of  strain  gauges  (To  be  read  in  conjunction  with  Fig.  5.4) 
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Fig.  5A  Legend  for  strain  gauge  location 
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The  first  letter  denotes  web  (F  =  Front  web,  R=  Back  web),  the  second  letter 
denotes  the  type  of  reinforcement  (L  =  Longitudinal,  S=  Stirrup),  the  first  numeral 
in  the  longitudinal  steel  denotes  the  layer  level  (I  =  the  bottom  layer,  2=  second 
bottom  layer)  and  the  numeral  in  the  stirrup  and  the  second  numeral  in  the 
longitudinal  steel  represent  the  horizontal  location  (I  =  closest  to  mid-span).  For 
example,  FL13  =  Front  web,  Longitudinal  steel,  at  the  bottom  layer  and  at  the  third 
location  from  the  mid-span  and  RS  I=  Back  web,  Stirrup,  at  the  first  location  from 
the  mid-span.  Figure  5.5  shows  typical  arrangement  of  reinforcement. 
Test  span 
Y8  @  60  mm  c/c  I  See  X-sect  ion  Y8  @  60  mm  c/c  I 
1300  mm  120omm  1300  mm 
380omm 
Fig.  5.5:  Typical  arrangement  for  reinforcement 
-------------- 
100 
FS  RS 
70  d  1:  1 
30  FIL2_ 
0'  RL2- 
------ 
40  FLI-  RLI 
1:  -30 
Fig.  5.6:  (a):  Typical  vertical  distance  between  reinforcement  layers  (b):  Strain  gauge  locations 
Figure  5.6a  shows  the  vertical  distances  between  layers  of  longitudinal 
reinforcement.  Stirrup  strain  gauge  was  at  mid  depth  of  the  beam.  Figure  5.6b 
shows  the  relationship  between  the  location  and  notation  of  the  strain  gauges.  Figure 
5.7  shows  the  reinforcement  provided  for  each  beam.  With  the  exception  of  beams 
BTV7,  BTV8  and  BM  I  the  stirrup  spacing  in  the  regions  outside  the  test-span 
was  60mm.  The  solid  circles  in  this  figure  represent  the  longitudinal  bars  or 
prestressing  wires  which  were  strain  gauged  while  the  hollow  circles  represent  the 
rest.  Although  in  some  cases  the  design  required  no  longitudinal  reinforcement  in 
the  top  flange,  two  8mm  diameter  bars  were  provided  for  stirrup  anchorage.  Table 
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5.6  shows  the  measured  average  material  properties.  The  concrete  compressive 
,,, 
and  of  cylinder  Vc  in  this  table  are  for  the  samples  cured  under  strengths  of  cube  f, 
the  same  conditions  as  for  the  beam.  fy  and  f,,  are  the  yield  strength  of  the 
longitudinal  and  transverse  reinforcement  while  fyp  is  the  yield  strength  of 
prestressing  wires. 
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Table  5.6:  Average  material  properties 
Beam  "C  ýy  Age 
N  40  o.  N/mm'  N/mmý  N/mm'  N/mmý  N/mm'  days 
r  ur)  o  up  Rem  forced  concrete  hollow  beams 
BTVI  39  33  495 
-  - 
5 
-7 
10 
BTV2  37  47F 
--  - 
472 
-  - 
7 
BTV3  27  WG 
--- 
771 
- 
-  7 
BTV4  42 
-  - 
33  4TU-  --471  -  7 
BTV5  T5  27  490  472 
-  - 
-  8- 
BTV6  35  28  490  777  -  7 
BTV7  34  -  7 
BTV8  53  -I 
Group  ITF  prestressed  hollow  beams 
BTV9  61 
-  - 
46  500 
--  -  - 
472 
- 
1570 
- 
13 
---  -BTVW  79  39 
-  - 
3D  6  -477- 
- 
-T57F 
- 
r(T-- 
-  BTVI  I  7T-  -3  6  500  -T=  -T570  --TT- 
5.6:  Experimental  observations 
This  section  summaries  the  observed  behaviour  in  the  test  span  region  of  the  tested 
hollow  beams  at  significant  stages  in  the  behaviour.  The  angle  of  crack  is  measured 
from  the  horizontal  axis.  Vertical  displacement  is  measured  at  the  mid-span  of  the 
bottom  flange  (location  2  in  figure  4.4a  of  chapter  4).  Strain  in  the  bottom  layer  of 
the  longitudinal  steel  and  prestressing  wires  and  in  the  transverse  steel,  in  front  and 
back  webs  over  the  600mm  region  to  the  right  of  mid-span  are  presented.  The  strain 
gauge  location  is  as  shown  in  figure  5.4  and  table  5.5.  As  the  two  strain  gauged 
prestressing  wires  were  located  in  the  bottom  flange,  the  one  close  to  the  front  web 
is  called  the  front  side  and  the  one  close  to  the  back  web  is  called  the  rear  side.  The 
quoted  load  is  a  percentage  of  the  design  load,  and  the  average  strain  ratio  in  the 
reinforcement  is  the  average  of  the  maximum  measured  strain  to  the  yield  strain. 
The  load  factor  L.  F.  =  (M,  ý?  ý  +  Tjd)/2  including  the  self  weight,  where  K  and 
T.  are  the  experimental  failure  loads  of  bending  and  torsion  respectively. 
BTV1:  Td7l3kNm,  Md=14.89kNm,  Vý=21.08kN,  Td/Md--0.87,,  rtoý,  rýý2.28 
The  first  few  cracks  were  noticed  at  30%  of  load  at  the  bottom  of  the  webs  near 
mid-span  and  in  the  upper  half  of  the  webs  half  way  between  the  mid-span  and  the 
supports.  The  cracks  at  the  bottom  of  the  webs  were  almost  vertical  and  the  ones  in 
the  upper  half  of  the  webs  were  inclined  at  50'. 
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Fig.  5.8:  Crack  development  in  the  back  web  (BTV  1) 
At  40%  of  load,  the  first  crack  at  the  bottom  flange  was  noticed  joining  the  vertical 
cracks  in  the  webs  at  an  angle  of  about  60'.  At  about  80%  of  load,  cracks  started  in 
the  top  flange  joining  the  inclined  cracks  in  the  webs  at  an  angle  of  about  450.  The 
average  crack  width  at  this  stage  was  0.5mm.  Failure  happened  at  104%  of  load  by  a 
major  (45')  inclined  crack  starting  at  about  700mm  to  the  right  of  mid-span  on  the 
ftont  web  and  spiralling  round  the  beam.  A  few  additional  large  cracks  were  also 
present  in  the  top  part  of  the  front  web  with  the  same  inclination  as  the  major  crack. 
Figure  5.8  shows  crack  development  at  the  back  web  of  the  beam.  The  displacement 
is  shown  in  figure  5.9,  and  figure  5.10  shows  the  steel  strain.  The  average  strain 
ratio  reached  in  the  front  web  was  0.73  and  in  the  back  web  0.3  1.  In  the  stirrups,  the 
average  strain  ratio  in  the  front  web  was  0.85  and  in  the  back  web  was  0.43. 
BTVI 
Deflection 
1.2 
1.0 
0.8 
u10.6 
0.4 
0.2 
0.0 
0 
ý=  T2CB 
L 
i 
2 
Fig.  5.9:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTVI) 
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Fig.  5.10:  Strain  ratios  in  the  steel  (BTV  1) 
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BTV2:  Tdý13kNm,  Md=32.89kNm,  Vd=41.08kN,  Td'Md=0.40,  T,.  ýTshr=1.17 
At  50%  of  load,  a  single  almost  vertical  crack  was  first  noticed  at  the  bottom  flange 
near  mid-span.  With  the  increase  of  the  load,  60'  inclined  cracks  developed  in  the 
bottom  flange  and  webs.  At  about  90%  of  load,  45'  inclined  cracks  started  in  the  top 
flange  as  an  extension  of  the  cracks  in  webs.  Failure  happened  at  122%  of  load  by  a 
major  60'  inclined  crack  starting  at  about  600mm  to  the  right  of  mid-span  on  the 
front  web  and  spiralling  round  the  beam.  The  average  crack  width  at  this  load  level 
was  0.6mm.  Figure  5.11  shows  crack  development  at  the  front  web  of  the  beam. 
The  displacement  is  shown  in  figure  5.12  and  figure  5.13  shows  the  steel  strain.  The 
average  strain  ratio  in  the  front  web  longitudinal  steel  was  1.16  and  in  the  back  web 
was  0.59.  In  the  stirrups,  the  average  strain  ratio  in  the  front  web  was  0.68  and  in 
the  back  web  was  0.20. 
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Fig.  5.12:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV2) 
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Fig.  5.13:  Strain  ratios  in  the  steel  (BTV2) 
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Fig.  5.13:  Continued 
BTV3:  TdýBkNm,  Md=50.89kNm,  Vd=61.08kN,  Td1Md=0.26,  Ctoý'Cshr=0.79 
At  40%  of  load,  almost  vertical  cracks  were  first  noticed  in  the  bottom  flange  and 
the  webs  near  mid-span.  Inclined  cracks  developed  after  this  load  level  in  the 
bottom  flange  and  webs.  At  about  90%  of  load,  50'  inclined  cracks  started  in  the  top 
flange  joining  the  cracks  in  the  webs.  The  average  crack  width  at  this  stage  was 
0.7mm.  Displacement  limit  of  span/250  was  reached  at  120%  of  load.  Failure 
happened  at  126%  of  load  by  two  600  inclined  parallel  major  cracks  starting  at  about 
500mm  to  the  right  of  mid-span  on  the  front  web.  Figure  5.14  shows  crack 
development  in  the  front  web.  Figure  5.15  shows  the  displacement  and  figure  5.16 
shows  strain  in  the  reinforcement.  The  average  strain  ratio  in  the  front  web 
longitudinal  steel  was  1.2  and  in  the  back  web  was  0.76.  In  the  stirrups,  the  average 
strain  ratio  in  the  front  web  was  0.69  and  in  the  back  web  was  0.13. 
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Fig.  5.15:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV3) 
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Fig.  5.16:  Strain  ratios  in  the  steel  (BTV3) 
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Fig.  5.16:  Continued 
BTV4:  Tdý=UkNm,  Md=68.89kNm,  Vd=81.08kN,  Tdffld=0.19,  'ýtoý'rshrý=0.59 
At  40%  of  load,  vertical  cracks  started  in  the  bottom  flange  and  webs  near  mid-span. 
With  increase  of  load,  60'  inclined  cracks  developed  in  the  bottom  flange  and  webs. 
At  about  80%  of  load,  500  inclined  cracks  started  in  the  top  flange  joining  the  cracks 
in  the  webs.  The  average  crack  width  at  this  stage  was  0.5min.  Displacement  limit 
of  span/250  was  reached  at  100%  of  load.  Failure  happened  at  106%  of  load  by  a 
major  crack  starting  at  about  500mm  to  the  left  of  mid-span  on  the  back  web.  Figure 
5.17  shows  crack  development  at  the  back  web.  Figure  5.18  shows  the  displacement 
and  figure  5.19  shows  strain  in  the  reinforcement.  The  average  strain  ratio  in  the 
front  web  was  1.12  and  in  the  back  web  was  0.60.  In  the  stirrups,  the  average  strain 
ratio  in  the  front  web  was  0.67  and  in  the  back  web  was  0.12. 
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Fig.  5.17:  Crack  development  in  the  back  web  (BTV4) 
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Fig.  5.18:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV4) 
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Fig.  5.19:  Strain  ratios  in  the  steel  (BTV4) 
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Fig.  5.19:  Continued  (BTV4) 
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BTV5:  Td=26kNm,  Mdý14.89kNrn,  Vd=21.08kN,  TdIMdý1.75,  rtoý'rsh,  =4.56 
At  30%  of  load,  500  inclined  cracks  started  in  the  webs  half  way  between  mid-span 
and  supports.  At  40%  of  load,  cracks  appeared  in  the  bottom  flange  near  mid-span 
and  at  50%  of  load,  cracks  were  observed  in  the  top  flange.  The  average  crack  width 
at  this  load  level  was  0.5mm.  Displacement  limit  of  span/250  was  reached  at  90%  of 
load.  Failure  happened  at  102%  of  load,  by  a  major  inclined  (500)  crack  starting  in 
the  front  web  and  spiralling  round  the  beam.  Figure  5.20  shows  crack  development 
at  the  front  web.  Figure  5.21  shows  the  displacement  and  figure  5.22  shows  strain  in 
the  reinforcement.  The  average  strain  ratio  in  the  longitudinal  steel  front  web  was 
0.80  and  in  the  back  web  was  0.55.  In  the  stirrups,  the  average  strain  ratio  in  the 
front  web  was  0.82.  Readings  of  the  strain  gauges  in  the  back  web  stirrups  were  not 
recorded  due  to  an  error  in  the  data  logger  programming. 
Fig.  5.20:  Crack  development  in  the  front  web  (BTV5) 
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Fig.  5.21:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV5) 
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Fig.  5.22:  Strain  ratios  in  the  steel  (BTV5) 
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BTV6:  Td=26kNm,  Md=32.89kNm,  Vd=41.08kN,  TdlMdý0.79,  ltoý'rshr=2.34 
Almost  vertical  cracks  started  in  the  bottom  flange  and  the  bottom  of  the  webs  at 
50%  of  load  level.  Inclined  cracks  followed  until  80%  of  load  when  cracks  appeared 
in  the  top  flange.  The  average  crack  width  at  this  stage  was  0.5mm.  Failure 
happened  at  92%  of  load  by  a  major  600  inclined  crack  starting  in  the  front  web  and 
quickly  spiralling  round  the  beam.  Figure  5.23  shows  crack  development  at  the  front 
web.  Figure  5.24  shows  the  displacement  and  figure  5.25  shows  strain  in  the 
reinforcement.  The  average  strain  ratio  in  the  longitudinal  steel  front  web  was  0.75 
and  in  the  back  web  was  0.39.  In  the  stirrups,  the  average  strain  ratio  in  the  front 
web  was  0.67  and  in  the  back  web  was  0.36. 
Fig.  5.23:  Crack  development  in  the  front  web  (BTV6) 
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Fig.  5.24:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV6) 
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Fig.  5.25:  Strain  ratios  in  the  steel  (BTV6) 
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BTV7:  Td=39kNm,  Mdý14.89kNrn,  Vd=21.08kN,  TdlMd=2.62,  T,.  ýTsh,  =6.84 
At  30%  of  load,  450  inclined  cracks  started  in  the  webs.  At  40%  of  load,  cracks 
appeared  in  the  bottom  flange  and  at  70%  of  load,  cracks  appeared  in  the  top  flange. 
The  average  crack  width  at  this  stage  was  0.4mm.  Displacement  limit  of  span/250 
was  reached  at  90%  of  load.  Failure  happened  at  101%  of  load  by  45'  inclined 
major  crack  starting  at  400mm  to  the  right  of  mid-span  in  the  front  web  and  a 
concrete  punch  in  the  top  flange  near  the  point  load.  Figure  5.26  shows  crack 
development  at  the  front  web.  Figure  5.27  shows  the  displacement  with  some 
negative  readings  due  a  lateral  shift  in  the  beam  position  which  was  ratified  after  the 
sixth  load  step.  Figure  5.28  shows  strain  in  the  reinforcement.  The  average  strain 
ratio  in  the  longitudinal  steel  front  web  was  0.84  and  in  the  back  web  was  0.68.  in 
the  stirrups,  the  average  strain  ratio  in  the  front  web  was  0.83  and  in  the  back  web 
was  0.82. 
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Fig.  5.27:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV7) 
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Fig.  5.28:  Strain  ratios  in  the  steel  (BTV7) 
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Fig.  5.28:  Continued 
BTV8:  Td=39kNm,  Md=32.89kNm,  Vd=41.08kN,  Td/Md=1.19,  Twý'ra"ý=3.51 
The  crack  development  of  this  beam  was  similar  to  beam  BTV7  except  that  the 
cracks  started  at  a  larger  angle  (80')  at  the  bottom  of  the  webs  and  the  failure 
occurred  at  91%  of  load.  Figure  5.29  shows  crack  development  at  the  front  web. 
Figure  5.30  shows  the  displacement  and  figure  5.31  shows  strain  in  the 
reinforcement.  The  average  strain  ratio  in  the  longitudinal  steel  front  web  was  0.68 
and  in  the  back  web  was  0.40.  In  the  stirrups,  the  average  strain  ratio  in  the  front 
web  was  0.74  and  in  the  back  web  was  0.48. 
BTV9:  Td=18kNm,  Md=50.89kNm,  Vdý=61.08W,  Td/Md=035,  rtoýTshý=1.09 
In  this  beam  the  design  load  was  divided  into  fifteen  increments  instead  of  ten 
-  increments  as  in  all  other  beams.  At  40%  of  load,  almost  vertical  hair  line  crack  in 
the  bottom  flange  near  mid-span  and  a  few  inclined  cracks  (600)  to  the  left  of  mid- 
span  in  the  back  web  were  noticed.  At  80%  of  load  500  inclined  cracks  appeared  in 
the  top  flange.  The  average  crack  width  at  this  stage  was  0.4mm.  Displacement  limit 
of  span/250  was  reached  at  110%  of  load.  Failure  happened  at  116%  load  by  an 
inclined  (50)  major  crack  starting  at  300mm,  to  the  left  of  mid-span  in  the  back  web 
and  spiralling  round  the  beam.  Figure  5.32  shows  crack  development  in  the  back 
web.  Figure  5.33  shows  the  displacement  and  figure  5.34  shows  strain  in  the 
prestressing  wires  and  the  stirrups.  The  average  strain  ratio  in  the  prestressing  wire 
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in  the  front  side  was  2.05  and  in  the  rear  side  was  1.08.  In  the  stirrups,  the  average 
strain  ratio  in  the  front  web  was  1.06  and  in  the  back  web  was  0.39. 
Fig.  5.29:  Crack  development  in  the  front  web  (13  FVS) 
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Fig.  5.30:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV8) 
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Fig.  5.3  1:  Strain  ratios  in  the  steel  (BTV8) 
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Fig.  5.3  1:  Continued 
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Fig.  5.33:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV9) 
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Fig.  5.34:  Strain  ratios  in  the  steel  (BTV9) 
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Fig.  5.34:  Continued 
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BTVIO:  Td=26kNm,  Md=14.89kNm,  Vd=21.08kN,  Td1Md=l.  75,  CtoýTsh,  =4.56 
Inclined  cracks  (500)  appeared  in  the  webs  and  in  the  bottom  flange  at  40%  of  load. 
At  50%  of  load,  similar  cracks  were  noticed  in  the  top  flange.  The  average  crack 
width  at  this  stage  was  0.4mm.  At  90%  of  load  two  major  inclined  cracks  opened 
up,  one  was  in  the  front  web  at  300mm  to  the  right  of  mid-span  and  the  other  was  in 
the  back  web  at  200mm  to  the  left  of  mid-span.  Failure  happened  at  I  10%  of  load 
by  the  major  cracks  joining  in  the  top  and  bottom  flanges.  Figure  5.3  5  shows  crack 
development  in  the  front  web  and  top  flange.  Figure  5.36  shows  the  displacement 
and  figure  5.37  shows  strain  in  the  prestressing  wires  and  the  stirrups.  The  average 
strain  ratio  in  the  prestressing  wire  in  the  front  side  was  1.0  and  in  the  rear  side  was 
0.86.  In  the  stirrups,  the  average  strain  ratio  in  the  front  web  was  0.87  and  in  the 
back  web  was  0.70. 
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Fig.  5.35:  Crack  development  in  the  front  web  (BTV  10) 
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Fig.  5.36:  Vertical  displacement  at  mid-span  of  the  bottom  flange  (BTV  10) 
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Fig.  5.37:  Strain  ratios  in  the  steel  (BTVIO) 
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BTV11:  Td=39kNm,  Md=14.89kNm,  Vd=21.08kN,  TdlMd=2.62,  TtoýTsh,  -=6.84 
At  30%  of  load,  450  inclined  cracks  appeared  in  the  webs  and  bottom  flange.  At 
40%  of  load,  similar  cracks  were  noticed  in  the  top  flange.  The  average  crack  width 
at  this  stage  was  0.3mm.  At  80%  of  load,  a  major  crack  opened  up  in  the  front  web. 
At  about  90%  of  load,  a  sudden  failure  happened  while  applying  the  load  by  a 
major  crack  quickly  spiralling  round  the  beam.  The  readings  for  the  this  increment 
were  not  recorded.  Figure  5.38  shows  crack  development  in  the  front  web.  Figure 
5.39  shows  the  displacement  and  figure  5.40  shows  strain  in  the  prestressing  wires 
and  the  stirrups.  The  average  strain  ratio  at  80%  of  load  in  the  prestressing  wire  in 
the  front  side  was  0.71  and  in  the  rear  side  was  0.70.  In  the  stirrups,  the  average 
strain  ratio  in  the  front  web  was  0.65  and  in  the  back  web  was  0.62. 
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Fig.  5.39:  vertical  displacement  at  mid-span  of  the  bottom  flange  (BTVI  1) 
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Fig.  5.40:  Strain  ratios  in  the  steel  (BTV  11) 
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Summary: 
In  general,  the  above  behaviour  can  be  summarised  as  follows: 
1.  Table  5.7  shows  some  test  results  related  to  steel  strain  and  table  5.8  shows  test 
results  related  to  deflection  and  failure  load. 
2.  In  the  case  of  beams  in  which  bending  was  dominant  (Tdll'ýVl)  almost  vertical 
cracks  start  in  the  bottom  flange  and  the  bottom  of  the  webs.  These  cracks  were 
followed  by  inclined  cracks  in  succeeding  load  increments  until  they  first  appear 
in  the  top  flange  at  about  80%  of  failure  load.  In  the  beams  where  torsion  was 
dominant  (Td/Md>l),  inclined  cracks  extend  into  the  bottom  flange  one  increment 
after  they  are  formed  in  the  webs.  In  both  groups,  the  smaller  the  ratio  Td/Md,  the 
closer  is  the  angle  of  crack  to  vertical.  In  all  beams,  if  vertical  cracks  occur,  they 
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are  present  only  near  the  mid-span  in  the  bottom  flange  and  at  the  lower  half  of 
the  webs. 
3.  In  beams  where  bending  is  dominant,  the  number  of  cracks  is  less  than  in  the 
beams  where  torsion  is  dominant.  This  is  due  to  the  fact  that  torsion  was  constant 
throughout  the  entire  length  while  maximum  bending  moment  was  present  over  a 
small  distance  in  the  middle  of  the  beam.  In  the  beams  where  bending  is 
dominant  cracks  start  at  about  40%  of  load  while  when  torsion  is  dominant 
cracks  start  at  about  30%  of  load. 
4.  The  maximum  crack  width  in  the  reinforced  beams  is  slightly  larger  than  in  the 
partially  prestressed  ones  for  the  same  load  combination  (BTV5  with  BTV  10  and 
BTV7  with  BTV  11).  The  average  crack  width  when  the  first  crack  appeared  in 
the  top  flange  in  the  reinforced  beams  was  0.51mm  and  in  the  partially 
prestressed  beams  was  0.36mm. 
5.  For  the  same  load  combination,  reinforced  beams  undergo  larger  displacement 
than  the  partially  prestressed  beams  (BTV5  with  BTVIO  and  BTV7  with 
BTV  11).  The  average  displacement  in  the  reinforced  beams  was  6.5mm  while  in 
the  partially  prestressed  beams  was  4.3mm.  With  the  exception  of  BTVI,  BTV2 
and  BTVIO,  all  beams  which  failed  above  design  load  reached  the  displacement 
limit  span/250  at  about  90%  of  failure  load,  while  the  other  beams  did  not  reach 
this  limit. 
6.  In  all  reinforced  beams,  the  longitudinal  steel  in  the  front  web  yielded  or  reached 
near  yield  strain.  The  strain  in  the  back  web  longitudinal  steel  reached  about  75% 
yield  at  failure  load.  However,  in  the  beams  (BTV  I  and  BTV6)  with  large  Ttoý,  rýh, 
ratios  and  the  beams  (BTV5,  BTV7  and  BTV8)  with  large  Td/Md  ratios,  the  strain 
in  the  back  web  longitudinal  steel  was  relatively  less  than  in  the  other  beams.  The 
transverse  steel  in  the  front  web  yielded  or  reached  near  yield  strain  in  most 
beams.  In  the  back  web,  the  stirrups  did  not  yield  in  all  cases.  However,  in  the 
beams  which  were  torsion  dominant,  the  stirrups  reached  near  yield  strain  (about 
80%  yield  strain)  but  in  the  beams  with  bending  dominant  the  strain  was  much 
less  (about  30%  yield  strain). 
7.  In  the  partially  prestressed  beams,  the  wires  in  beams  BTV9  and  BTVIO  yielded 
or  reached  near  yield  at  failure  load.  However,  in  beam  BTV1  I  which  had  a  large 
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Td/Md  ratio,  the  wires  reached  less  than  75%  of  yield  strain.  The  yield  strain  was 
reached  in  most  cases  in  the  front  web  stirrups  while  slightly  less  strain  was 
recorded  in  the  back  web  stirrups. 
8.  Most  of  the  beams  failed  at  about  the  design  load  (90-115%  of  load).  However, 
beams  BTV2  (122%  )  and  BTV3  (126%)  resisted  slightly  more  load  than 
designed  for.  Both  beams  had  very  small  Td/Md  ratios. 
9.  It  was  found  during  testing  that  reinforced  beams  undergo  more  ductile 
behaviour  than  partially  prestressed  beams.  Generally,  in  both  groups,  beams 
with  low  Td/Md  ratio  experienced  more  ductile  failure  mode  than  the  ones  with 
large  Td/Md  ratios.  Sudden  failure  was  observed  in  beam  BTV  II  only. 
Table  5.7:  test  results  related  to  steel  strain 
Beam  First  yield  data  Maximum  strain  measured  data 
No. 
I 
FYL  I  LFL  I  FYS  I  US  (VEY)MFL  MFL  (E/cy)MFS  M 
IS 
Group  A:  Reinforced  concrete  hollow  beams 
BTVI  -  FS4  0.9  0.84  FL12  1.3  FS4 
BTV2  FL12  1.1  FS4  1.1  1.67  FL12  1.1  FS4 
BTV3  FL12  1.1  1.34  FL14  0.93  FS2 
13TV4  FL13  1.0  1.3  FL12  0.8  FS2 
-BTV5  -  -  FS4  0.83  FL12  1.25  H4 
BTV6  -  0.83  FL14  0.82  FS3 
BTV7  0.88  FL13  0.9  FS3 
BTV8  0.89  FS3 
Group  B:  Partially  prestressed  concrete  hollow  beams 
] 
BTV9  FLII  1.0  FS4  0.82  2.2  FLII  1.23  FS  2 
BTVIO  FLII  1.1  -  I  FLII  0.98  FS3 
BTVII  NR  NR  NR  NR  NR'  NR  NR  NR 
FYL,  FYS  =  Location  of  the  first  yield  in  the  longitudinal  steel  or  stirrup  respectively 
LFL,  US  =  Load  factor  at  which  first  yield  was  recorded  in  longitudinal  steel  or  stirrup 
respectively 
(c/ey)MFL,  (c/cy)MFS  =  Maximum  strain  ratios  in  front  web  longitudinal  steel  and  stirrups 
respectively 
MFL,  MFS  =  Location  of  maximum  strain  in  front  web  longitudinal  steel  and  stirrups  respectively 
NR  =  Not  recorded 
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Table  5.8:  Test  results  related  to  deflection  and  failure  load 
mm 
LFCR  =  Load  factor  when  first  crack  was  noticed 
LFCW  =  Load  factor  when  the  average  crack  width  was  0.3mm 
A=  Maximum  vertical  displacement  at  mid-span  of  bottom  flange 
LAd  =  Experimental  to  design  failure  load 
5.7:  Conclusion 
From  the  results  presented  in  this  chapter,  it  can  be  said  that  the  direct  design 
method  has  proved  to  be  a  very  good  tool  for  the  design  of  reinforced  and  partially 
prestressed  hollow  beams.  Most  of  the  beams  failed  near  the  design  load.  Minor 
effects  were  noticed  due  to  variations  of  and  Td/Md  ratios.  The  elastic  stress 
distribution  used  in  the  calculation  of  reinforcement  and  largest  required 
reinforcement  provided  in  the  test  span  have  given  an  acceptable  results  for  hollow 
beams. 
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6.1:  Introduction 
This  chapter  gives  a  summary  of  behaviour  of  reinforced  concrete  and  how  to  model 
it.  This  will  pave  the  way  for  finite  element  programming  and  2-D  model 
development  in  the  following  two  chapters. 
Concrete  is  a  heterogeneous  material  composed  of  aggregate,  sand  and  cement 
which  has  microcracks  even  before  the  application  of  any  load.  When  reinforcement 
is  added,  the  composite  becomes  even  more  complex.  However,  at  macroscopic 
level,  reinforced  concrete  can  be  considered  as  having  two  major  components:  steel 
reinforcements  and  concrete.  In  the  modelling  of  its  non-linear  stress-strain 
behaviour,  a  general  approach  is  to  treat  the  response  of  each  component  separately, 
then  obtain  their  combined  effects  by  imposing  the  condition  of  material  continuity. 
There  are  several  approaches  used  to  model  the  linear  and  non-linear  responses  of 
concrete  as  a  continuum.  These  approaches  have  been  evaluated  by  Chen  and  Ting 
(1980)  and  Chen  and  Saleeb  (1994).  In  this  study  the  non-linear  elasticity  approach 
is  adopted.  In  this  approach  the  bulk  modulus,  shear  modulus,  Poisson's  ratio  and 
Young's  modulus  of  concrete  are  expressed  in  terms  of  stress/strain  variables,  such 
as  deviatoric  stresses  or  strains,  stress  or  strain  invariants,  normal  and  octahedral 
strain  ...  etc.  These  relationships  are  obtained  from  experimental  data.  The  moduli 
are  usually  used  to  formulate  an  isotropic  matrix  to  represent  the  behaviour  of 
concrete  at  a  certain  load  level. 
6.2:  Concrete  in  compression 
6.2.1:  Uniaxial  stress 
The  uniaxial  cube  compressive  strength  of  concrete  f..  is  usually  determined  by 
testing  150mm  cubes  after  28  days  of  casting.  The  size  effect  of  cubes  can  be  seen 
in  Tokyay  and  Ozdemir  (1997).  The  uniaxial  cylinder  compressive  strength  of 
concrete  cI 
is  evaluated  by  the  strength  of  152  x  305mm  cylinder  specimens.  Other 
sizes  were  also  tried  [Nasser  and  Kenyon  (1984)  and  Iravani  (1996)].  The  cylinder 
compressive  strength  fc.  is  usually  70-90%  of  the  cube  strength  f..  The  difference 
is  due  to  the  frictional  forces  which  develop  between  the  platen  of  the  testing 
machine  and  the  contact  face  of  the  test  specimen.  These  end  forces  produce  a 
multiaxial  stress  state  which  increase  the  apparent  cube  compressive  strength  of Chapter  6  Material  behaviour  and  modellin 
concrete.  This  is  not  the  case  with  the  cylinder  specimen  because  the  specific  height 
width  ratio  minimises  this  effect. 
The  shape  of  the  uniaxial  stress-strain  diagram  is  affected  by  many  factors  related  to 
testing  procedure  or  concrete  property  i.  e.  size  and  shape  of  the  specimen,  casting 
direction,  water-cement  ratio,  cement  characteristics  and  content,  concrete  unit 
weight,  aggregate  characteristics  and  content,  type  of  curing  and  age  when  tested.  In 
a  typical  stress-strain  curve  (Fig.  6.1  a)  for  concrete  under  uniaxial  compression,  the 
axial  stress-strain  law  is  essentially  linear  up  to  approximately  30%  of  the  concrete 
compressive  strength  Beyond  this  stress  range,  a  gradual  increase  in  curvature 
of  the  stress-strain  curve  up  to  70-90%  of  f,  .,  after  which  it  bends  more  sharply 
when  approaching  the  peak  strength  f,  ..  At  this  stage,  the  strain  -c,,  is  about  0.002, 
the  concrete  is  crushed  and  the  stress-strain  curve  starts  its  descending  branch  until 
failure  occurs  at  some  ultimate  strain  e  max  about  0.0035.  The  lateral  strain  goes  into 
a  similar  fashion  (Fig.  6.1  a). 
o1r.  a  Ir, 
Critical  stress  -. 
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Lateral  strain 
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Extension.  Compression  Volume  increase  Volume  reduction 
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Fig.  6.1:  Typical  stress-strain  curves  for  concrete  in  uniaxial  compression  test 
The  volumetric  strain  e,  (Fig.  6.1b)  is  found  to  be  almost  linear  up  to  75-90%  of 
maximum  compressive  strength  f,  . 
,,,  after  which  the  direction  of  the  volumetric 
strain  is  reversed,  resulting  in  a  volume  expansion  near  f, 
,. 
The  formation  and 
propagation  of  microcracks  due  to  shrinkage  and  under  uniaxial  stress  is  described 
in  many  references.  A  few  examples  are  shown  in  figure  6.2. 
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(a):  Crack  pattern  obtained  from  x-ray  examination  [Liu  et  al.  (1972)] 
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(b):  Types  of  cracks  [Hearn  (1999)] 
(c):  Behaviour  of  concrete  under  increasing  uniaxial  compression  [  Kotsovos  &  Pavlovic  (1995)] 
Fig.  6.2:  Formation  of  cracks  due  to  shrinkage  and  under  uniaxial  stress 
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Figure  6.3  shows  axial  stress-strain  curves  for  concrete  of  different  compressive 
strengths.  The  shape  of  the  ascending  part  of  the  stress-strain  curve  is  more  linear 
and  steeper  for  high-strength  concrete,  and  the  strain  at  maximum  stress  is  slightly 
higher  for  high-strength  concrete,  but  all  close  to  a  strain  value  -,,  of  0.002.  The 
slope  of  the  descending  part  becomes  steeper  for  high  strength  concrete.  An 
explanation  to  this  behaviour  can  be  expressed  as  follows  [Neville  (1997)  and 
Darwin  (1997)]: 
Although  the  stress-strain  curve  of  the  cement  paste  (mortar)  alone  and  the 
aggregate  alone  are  almost  linear  in  the  major  part  of  the  ascending  portion,  the 
stress-strain  curve  of  the  concrete  is  non-linear  (Fig.  6.4).  One  main  reason  for  this 
non-linear  stress-strain  relation  of  the  concrete  is  the  presence  of  interfaces  in  the 
bond  between  the  aggregate  and  the  hardened  cement  paste  in  which  microcracks 
develop  even  under  modest  loading  condition.  Upon  loading  these  microcracks 
propagate  and  new  ones  form  which  leads  to  bond  failure.  If  the  modulus  of 
elasticity  of  the  concrete  is  considered  to  be  made  up  of  the  modulus  of  elasticity  of 
the  paste  and  the  modulus  of  elasticity  of  the  aggregate  in  their  joint  condition,  then 
the  greater  the  difference  between  the  moduli,  the  greater  the  non-linear  behaviour 
of  the  composite.  In  the  high  strength  concrete,  the  strength  of  the  hardened  cement 
paste  is,  by  definition  high  because  a  very  low  water-cement  ratio  is  used  and  the 
porosity  of  the  hardened  cement  paste  is low.  There  is  therefore  a  smaller  difference 
between  the  modulus  of  elasticity  of  the  cement  paste  and  the  modulus  of  elasticity 
of  the  aggregate.  This  situation  leads  to  a  better  stress  transfer  between  the  aggregate 
and  the  paste  which  means  a  less  chance  of  bond  failure  to  occur.  The  result  is  a 
longer  linear  region  of  the  stress-strain  curve.  The  fracture  surfaces  pass  through  the 
aggregate  particles  as  well  as  through  the  hardened  cement  paste.  This  allows  a  fast 
development  of  the  cracks  after  the  yield  stress  is  nearly  reached  which  explains  the 
brittle  behaviour  of  the  high  strength  concrete.  In  normal  concrete  the  modulus  of 
elasticity  of  the  aggregate  is  much  higher  than  the  modulus  of  elasticity  of  the 
cement  paste.  This  big  difference  causes  a  more  non-linear  behaviour  of  the 
concrete.  This  is  so  because  the  aggregate  particles  act  as  crack  arresters  due  to 
strength  difference. 
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Fig.  6A  Stress-strain  relation  for  cement  paste,  aggregate,  and  concrete 
Many  numerical  formulae  have  been  proposed  to  describe  the  shape  of  the 
compressive  stress-strain  curve  of  the  concrete  under  uniaxial  stress.  As  examples 
Kotsovos  and  Cheong  (1984)  suggested  the  use  of  the  ascending  portion  alone  (until 
the  point  where  the  volume  is  minimum)  of  the  stress-strain  curve  to  describe  the 
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behaviour  of  concrete  assuming  that  the  post  peak  relationship  is  only  test  method 
effect  as  shown  in  figure  6.5a.  Figure  6.5b  shows  the  stress-strain  relationships  for 
the  loading  and  boundary  conditions  shown  in  figure  6.5a.  Carreira  and  Chu  (1985) 
proposed  an  equation  to  describe  the  ascending  and  descending  portions  of  the 
curve.  This  equation  was  defined  in  terms  of  the  concrete  cylinder  compressive' 
strength  the  strain  e,,,,  corresponding  to  and  the  initial  modulus  of  elasticity 
E..  They  tested  their  equation  against  several  experimental  results  of  which  one  is 
shown  in  figure  6.5c.  Almusallam  and  Alsayed  (1995)  proposed  a  stress-strain  curve 
which  includes  ascending  and  descending  parts.  The  only  unknown  in  the  equation 
forming  this  curve  is  the  concrete  compressive  strength  f,  .  (Fig.  6.5d).  Their  model 
was  checked  against  various  experimental  results  and  provided  good  agreement  with 
measured  values. 
In  this  study  equation  6.1  was  used  to  represent  the  ascending  portion  of  the  uniaxial 
compressive  stress-strain  curve  (Fig.  6.6).  In  this  equation  the  initial  slope  and 
values  of  peak  stress  and  corresponding  strain  may  be  entered  as  independent 
variables.  This  equation  was  originally  proposed  by  Saenz  (1964)  and  tested  by 
Darwin  and  Pecknold  (1977)  on  many  experimental  results.  It  was  also  used  by 
Bhatt  and  Abdel-kader  (1995)  to  numerically  analyse  many  reinforced  and 
prestressed  concrete  beams  from  different  experimental  investigations. 
_ 
E,.  c 
1+ 
A5- 
-  2)  -+ 
(Es 
ep  ep) 
6.1 
where: 
ep  is  the  strain  at  the  peak  (maximum)  compressive  stress  of  the  concrete  up. 
E.  is  the  initial  modulus  of  elasticity  of  concrete  for  uniaxial  loading. 
E,  is  the  secant  modulus  of  elasticity  at  the  peak  stress  and  given  by  the  expression 
E,  =up  /  ep. 
cr  and  e  are  the  current  stress  and  strain  in  uriiaxial  loading. 
102 Chapter  6  Material  behaviour  and  modellin 
A 
LT 
B  CDE 
(a):  Typical  failure  modes  of  prisms  under  eccentric  loading  [Kotsovos  and  Cheong  (1984)] 
P.  5  Pu.  8u  inaxiinum  sustained  food  and 
Corresponding  displacernent 
P/P. 
10  - 
. 1%  "  08  - 
06-  1.  I 
04 
/ 
X 
I 
A  BCDE 
02 
0  F15  I 
LO 
15  5/5. 
(b):  Stress-strain  relationships  of  prisms  in  (a) 
I 
Z 
0 
, 9-6.9 
1,  a  10.75  ksl 
*.  &0.00345  S.  2 
7.3  k8i 
0.00295 
.  40 
3 
4  '82  k8i 
&0029 
20 
2 
A 
3  16  In. 
'i  : 
. 1,  .. 
noolded  cylindws  0.0029 
0345 
Strain  (xlO-3) 
(C):  Stress-strain  relationship  for  normal  concrete  [Carreira  and  Chu  (1985)] 
Fig.  6.5:  Stress-strain  curves  as  suggested  by  different  researchers  for  concrete  in  compression 
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Fig.  6.5:  Continued 
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Eq.  6.1  and  [Eq.  6.2  w  hen  a=  0] 
Fig.  6.6:  Equivalent  uniaxial  stress-strain  curve 
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Figure  6.7  shows  a  comparison  between  the  stress-strain  curves  proposed  by  Saenz, 
Almusallam  and  Alsayed,  and  Bhatt  and  Abdel-Kader.  It  is  clear  that  almost  no 
difference  between  the  curves  in  the  ascending  part.  In  the  ascending  part,  the 
curves  of  Saenz  and  Bhatt  and  Abdel-Kader  are  identical  while  in  the  descending 
portion  of  Bhatt  and  Abdel-Kader  curve,  equation  6.3  was  used.  The  parameters 
used  in  Almusallarn  and  Alsayed  curve  are  explained  in  the  quoted  reference.  The 
parameters  used  in  Saenz,  and  Bhatt  and  Abdel-kader  curves  are  as  follows: 
Ec  5000j'  N/MM2 
2500 
More  about  the  effect  of  these  parameters  is  discussed  in  chapter  8. 
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Fig.  6.7:  Concrete  stress-strain  relationships  in  uniaxial  compression 
6.2.2:  Biaxial  stress 
"Micro-cracks  observations  indicate  that  a  main  cause  of  the  increase  in  both 
strength  and  stiffness  in  biaxial  compression  is  the  confinement  of  potential  micro- 
cracking  in  the  presence  of  biaxial  compression.  "  [Liu  et  al.  (1972)].  Figure  6.8a 
shows  the  stress-strain  curves  for  different  state  of  biaxial  compression.  The  lateral 
strain  behaviour  is  also  shown  in  this  figure. 
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The  volumetric  strains 
AV 
=e=  el  +62  +  '03  is  shown  in  figure  6.8b.  "Up  to 
V 
stresses  a=  035f,  '  volumetric  strain  and  applied  stress  are  approximately 
proportional.  If  the  stress  increases  beyond  this  value  the  rate  of  volume  reduction 
increases  until  80  to  90  percent  of  the  ultimate  a  point  of  inflection  is  reached.  The 
minimum  volume  was  observed  at  approximately  95  percent  of  the  failure  stress. 
Further  straining  of  the  specimen  resulted  in  a  volume  increase  and  eventually  in 
positive  values  for 
AV  "  [Kupfer  et  al.  (1969)].  Figure  6.8c  shows  modes  of  failure 
V 
of  biaxially  loaded  concrete. 
In  modelling  the  non-linear  stress-strain  relationship  of  the  concrete  in  the  principal 
stress  direction,  equation  describing  concrete  in  elastic  stage  is  adopted  as  proposed 
by  Liu  et  al.  (1972)  and  used  by  Abdel  Kader  (1993).  This  equation  accounts  for 
non-linear  behaviour  of  concrete  in  biaxial  compression  and  takes  the  form: 
E,.  e  6.2 
(1-va)  1+( 
1  E, 
-  2)  + 
I 
I-va  E.  ep 
(ýP),  ] 
where: 
ap  is  the  ultimate  strength  of  concrete  in  compression,  equal 
cp  is  the  strain  at  maximum  compressive  strength  of  concrete. 
E,  is  the  initial  modulus  of  elasticity  of  concrete  for  uniaxial  loading. 
E,  is  the  secant  modulus  of  elasticity  at  peak  stress  E,  =  ap  /  EP. 
v  is  the  Poisson's  ratio. 
a  is  the  ratio  of  the  principal  stresses  =62/  Cr  I  (if  a=0,  i.  e.  for  uniaxial  state  of 
stress,  equations  6.1  and  6.2  become  identical). 
a  and  e  are  stress  and  strain  in  biaxial  loading. 
Equation  6.2  is  used  to  generate  the  stress-strain  behaviour  of  concrete  in  biaxial 
compression  up  to  peak  strain  ep,  after  which  this  equation  ceases  to  be  valid  due  to 
softening  deformation. 
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Fig.  6.8a:  Stress-strain  relationships  of  concrete  under  biaxial  compression 
1.2 
all 
0.8- 
T.  0.6-  01 
02  -  U, 
0.4 
0.2 
-0.001  0  0.001  0.002 
Volume  increase  AM  Volume  reduction 
Fig.  6.8b:  Stress-strain  curve  for  concrete  volume  change  under  biaxial  compression 
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6.2.3:  Triaxial  stress 
It  is  well  known  that  concrete  could  withstand  very  high  stresses  if  it  was  in  a  state 
of  triaxial  compression.  It  behaves  as  a  ductile  material  rather  than  a  brittle  one. 
This  is  because  of  the  reduction  in  the  possibility  of  bond  cracking  to  occur  and 
failure  mode  changing  to  crushing  of  the  concrete  rather  than  a  cleavage  one,  which 
is  due  to  suppression  of  micro-cracks  development.  The  ultimate  axial  strength  is 
found  to  increase  considerably  with  increasing  confining  stress  specially  under 
hydrostatic  stress  condition.  Figure  6.9a  shows  triaxial  stress-strain  relationship  for 
concrete  under  different  confining  stresses  (0ý2  ý_  CO  while  the  axial  load  (a,  )  is 
increased.  This  figure  shows  linear  behaviour  up  to  about  30-40%  of  the  ultimate 
load.  Thereafter  the  behaviour  depends  on  the  confining  pressure  (a  29  17  3  ).  Figure 
6.9b  shows  the  volumetric  behaviour  of  concrete  under  hydrostatic  stress. 
More  about  the  behaviour  of  concrete  under  triaxial  stress  can  be  found  in  the 
literature  [e.  g.  Palaniswamy  and  Shah  (1974),  Kotsovos  and  Newman  (1977,1978), 
Hobbs  et  al.  (1977),  Cedolin  et  al.  (1977),  Elwi  and  Murray  (1979),  Ahmad  and 
Shah  (1982),  Van  Mier  (1986),  Imran  and  Pantazopoulou  (1996),  Lan  and  Guo 
(1997)  and  Ansari  and  Li  (1998)]. 
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Fig.  6.9b:  Behaviour  of  concrete  in  hydrostatic  compression  test 
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Fig.  6.10:  Continued 
6.2.4:  Compression  softening 
This  term  is  used  to  describe  the  strain  of  the  concrete  after  the  peak  stress  in  the 
compressive  stress-strain  curve  which  is  important  in  the  case  of  over  reinforced 
concrete.  There  seems  to  be  no  agreement  among  the  researchers  on  the  shape  of  this 
portion  (Fig.  6.10):  "Only  the  ascending  branch  of  stress-strain  curves  obtained  from 
tests  on  concrete  specimens  in  compression  describe  material  behaviour;  the 
descending  branch  expresses  the  interaction  between  specimen  and  testing  machine" 
[Kotsovos  (1987)] 
. 
........  the  concrete  confinement  plays  an  important  role  in  the 
post-crushing  behaviour  of  concrete.  The  better  confined  the  concrete,  the  more 
gradual  unloading"  [Meyer  and  Bathe  (1982)].  Choi  et  al.  (1996)  studied  the  effects 
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of  several  factors  affecting  the  descending  portion  of  the  stress-strain  curve  for 
normal  and  high  strength  concrete.  They  concluded  that  the  normal  strength 
concrete  is  more  ductile  than  the  high  strength  concrete. 
In  our  model  a  linear  descending  curve  is  adopted  [Bhatt  and  Abdel-Kader  (1995)] 
as  given  by  equation  6.3  after  the  maximum  stress  is  reached: 
a= 
(0.1 
<  0.005 
(0.1  - 
6.3:  Concrete  in  Tension 
6.3 
Tensile  strength  of  concrete  f,  *  (Fig.  6.11)  is  relatively  low  when  compared  with  its 
compressive  strength  (f,  '=  8-10%  and  it  does  not  effect  the  ultimate  strength  of 
the  member.  Therefore,  in  many  design  cases  it  is  neglected.  However,  in  finite 
element  modelling  the  tensile  behaviour  of  concrete  is  taken  into  account  mainly  to 
predict  the  load-deflection  characteristics  of  structures. 
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Fig.  6.11:  Estimating  tensile  strength  ft  from  compressive  strength  V, 
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6.3.1:  Tensile  strength  of  concrete 
Figure  6.12  shows  typical  tensile  stress-strain  curve  for  concrete. 
f, 
ft 
9 
Fig.  6.12:  Typical  tensile  stress-strain  curve  for  concrete 
In  the  laboratory,  there  are  three  methods  of  tests  used  to  find  the  tensile  strength  of 
concrete  f,  '(Fig.  6.13):  the  direct  tension  test,  the  beam  bending  test  and  the 
cylinder  splitting  test.  In  the  direct  tension,  the  specimen  is  gripped  at  its  ends  and 
pulled  apart  in  tension.  Because  of  the  difficulties  associated  with  applying  a  pure 
tensile  force  to  a  plain  concrete  specimen,  there  are  no  standard  tests  for  direct 
tension.  In  the  beam  bending,  a  rectangular  beam  of  plain  concrete  (usually 
lOOxlOOx4OOmm  or  l50xl5Ox6OOmm  depending  on  the  size  of  aggregate)  is  simply 
supported  and  loaded  at  third  points.  The  tensile  stress  at  failure  is  called  the 
modulus  of  rupture  f,  In  finding  the  splitting  tensile  strength  f,,,,  a  cylinder 
(usually  150mm  dia.  x  300mm  long)  is  loaded  in  compression  on  two  diametrically 
opposite  elements,  failing  in  tension  on  the  plane  between  the  loaded  elements. 
Raphael  (1984)  studied  some  results  from  these  tests  and  suggested  that  f,  '  =  0.75f, 
(N/MM2)  f  0.44(f  ')2/3  2) 
Ad  or  ,C 
(N  InIn  for  the  concrete  strength  up  to  62 
N/mm2.  Gettu  et  al.  (1996)  studied  the  damage  in  high-strength  concrete  due  to 
monotonic  and  cyclic  compression.  They  concluded  that  "The  tensile  strength  of 
concrete  can  be  reduced  by  25  percent  due  to  compressive  loads  applied  along  a 
perpendicular  direction,  even  in  high-strength  concrete".  Tasdemir  et  al.  (1996) 
reported  that  the  tensile  strength  of  concrete  decreases  with  increase  in  the  volume 
of  coarse  aggregate  (Fig.  6.14).  They  used  the  term  'tensile  strain  capacity'  to 
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identify  the  strain  at  which  first  crack  was  developed. 
In  finite  element  modelling,  the  tensile  strength  of  concrete  is  very  often  inferred 
from  the  compressive  strength  because  the  latter  is  normally  measured.  ACI 
2fA2 
formula  for  the  tensile  strength  f,  '  034Ff,  '  N/min  and  tF2  N/m  which 
'ý  fc  M 
was  suggested  by  Abdel-Kader  (1993)  (Fig.  6.11)  were  studied  in  chapter  8.  The 
ascending  part  of  the  tensile  stress-strain  curve  was  considered  as  linear  similar  to 
any  elastic  stress-strain  curve. 
I 
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Fig.  6.13:  Methods  for  testing  concrete  tensile  strength 
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Fig.  6.14:  Relation  between  tensile  strain  capacity  and  aggregate  concentration  [Tasdemir  et  al. 
(1996)] 
6.3.2:  Tension  stiffening 
When  a  reinforced  concrete  member  is  subjected  to  a  tensile  stress  exceeding  its 
tensile  strength,  the  concrete  cracks  at  discrete  locations.  The  total  tensile  force  is 
then  transferred  across  the  crack  by  the  tensile  steel,  but  between  the  cracks  the 
concrete  continues  to  carry  stress  locally,  mainly  in  the  direction  of  the  bar  due  to 
the  bond  between  concrete  and  reinforcement.  This  is  called  tension  stiffening.  As 
the  stress  in  reinforcement  and  concrete  vary  along  the  bar  normal  to  cracks,  the 
tension  stiffening  effect  is  usually  treated  by  assuming  a  relationship  between  the 
average  concrete  tensile  stress  and  average  concrete  tensile  strain  over  a  long-gauge 
length  in  the  direction  normal  to  cracks.  Similarly,  the  stress-strain  relationship  of 
reinforcement  is  taken  on  average  basis.  "The  tensile  stiffening  effect  must,  in 
general,  be  inferred  from  the  behaviour  of  concrete  acting  in  combination  with  steel 
since  the  concrete  by  it  self  is  unstable  beyond  its  maximum  strength  capacity" 
[Murray  et  al.  (1979)].  Several  models  to  represent  the  tension  stiffening  have  been 
proposed  by  different  researchers  (Fig.  6.15).  Scanlon  and  Murray  (1974)  proposed 
a  stepped  piece-wise  linear  stress-strain  relation,  while  Lin  and  Scordelis  (1975) 
suggested  a  smooth  unloading  curve.  Gilbert  and  Warner  (1978)  used  several 
variations  of  Scanlon-Murray  and  Lin-Scordelis  curves.  In  addition,  they 
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employed  a  new  curve  consisting  of  a  small  drop  in  strength  immediately  after 
cracking  followed  by  piece-wise  linear  unloading. 
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Fig.  6.15:  Alternative  stress-strain  diagrams  for  concrete  in  tension 
Gopalaratnarn  and  Shah  (1985)  presented  what  was  called  the  concrete  softening  for 
plain  concrete.  They  assumed  that  the  post  cracking  resistance  of  plain  concrete  in 
tension  is  due  to  discontinuities  in  cracking  and  to  bridging  of  cracked  surfaces  by 
aggregates  and  fibrous  crystals.  Gupta  and  Maestrini  (1990)  included  the  effects  of 
the  bond  between  the  bar  and  the  concrete,  area  of  the  bar  and  yield  strengths  of  the 
concrete  and  steel  in  the  stress-strain  relationship.  Abrishami  and  Mitchell  (1996) 
studied  the  effects  of  the  presence  of  longitudinal  splitting  cracks  caused  by  a  bar  on 
the  tension  stiffening  using  a  uniaxial  tensile  stress  on  a  specimen  reinforced  with  a 
single  bar.  They  concluded  that  the  splitting  cracks  increases  as  the  bar  diameter 
increases.  This  results  in  a  significant  reduction  in  tension  stiffening.  Hsu  and  Zhang 
(1996)  proposed  a  set  of  constitutive  laws  for  reinforced  concrete.  The  laws  vary 
from  neglecting  the  tensile  strength  of  concrete  with  elastic-perfectly  plastic  stress- 
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strain  relationship  of  reinforcement  to  employing  both  the  average  tensile  stress- 
strain  relationship  of  concrete  and  the  average  stress-strain  curve  of  reinforcement. 
In  the  present  study,  the  descending  part  of  the  tensile  stress-strain  curve  was 
considered  as  shown  in  figure  6.16.  These  curves  were  proposed  by  Abdel  Kader 
(1993)  and  were  tried  in  chapter  8.  They  are  similar  to  a  stress-strain  curve  proposed 
by  Massicotte  et  al.  (1990)  with  a  certain  maximum  strain  after  which  the  tensile 
stress  equals  zero.  This  maximum  strain  has  been  suggested  by  Bazant  and  Lin 
(1988)  to  correspond  to  a  point  where  the  tensile  stress  normal  to  crack  reduces  to 
5%  of  the  tensile  strength. 
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Fig.  6.16:  Tension  stiffening  curves 
6.4:  Concrete  in  Shear 
As  discussed  in  chapter  two,  shear  is  resisted  by  concrete  before  cracking.  Shear 
cracking  happens  when  the  major  principal  tensile  stress  exceeds  the  tensile  strength 
of  concrete.  After  cracking  the  reinforced  concrete  structures  can  still  resist some 
shear  across  cracks  due  to  internal  truss  action  or  compression  field.  The  shear 
strength  of  concrete  is  mainly  affected  by  the  crack  width  and  the  amount  and 
orientation  of  reinforcement  crossing  the  cracks.  The  maximum  size  and  shape  of 
aggregate  which  causes  interlocking,  has  also  some  influence  on  the  shear  stiffness. 
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6.4.1:  Shear  retention  factor 
In  normal  strength  concrete,  cracks  usually  occur  along  the  interface  between  the 
cement  paste  and  the  aggregate  particles.  This  results  in  a  rough  surface  on  each  side 
of  the  crack  which  can  provide  a  resisting  force  through  the  interlocking  action  of 
the  aggregate.  In  the  high  strength  concrete,  cracks  go  across  the  paste  and  through 
the  aggregate  particles,  resulting  in  a  smoother  surfaces  along  the  crack,  which 
reduces  the  post  cracking  shear  stifThess  for  these  concretes.  The  aggregate  interlock 
action  is  controlled  by  crack  width,  the  shear  capacity  being  reduced  by  the  increase 
of  crack  width.  The  reinforcement  normal  to  the  crack  reduces  the  ability  of  the 
separated  pieces  to  move  apart  which  improves  the  interlock  action  in  transmitting 
shear  force  along  the  crack. 
In  finite  element,  the  reduction  of  the  elastic  shear  modulus  G  across  the  plane  of 
the  crack  is  usually  defined  by  what  is  called  the  shear  retention  factor  fl.  This 
factor  is  related  to  the  contribution  of  the  aggregate  interlock  to  the  shear  capacity  of 
the  section  after  cracking  and  takes  the  form:  G*  =j8G,  where  1  >,  8  >  0.0  and  G* 
is  the  shear  modulus  for  the  cracked  section. 
On  the  amount  of  this  factor's  effect  there  are  mainly  two  groups  of  opinions.  Some 
consider  it  plays  a  negligible  role  in  the  load  carrying  capacity  [Bedard  and 
Kotsovos  (1985)  and  Vidosa  et  al.  (1991)],  they  take  j6  as  a  constant  (non-zero) 
only  to  avoid  excessive  deterioration  of  the  stiffness  matrix.  Others  [Cedolin  and 
Poli  (1977),  Arnesen  et  al.  (1980),  Chang  et  al.  (1987),  Cervera  et  al.  (1987)  and 
Balakrishnan  and  Murray  (1988)]  consider  it  has  a  larger  effect  on  behaviour.  In  the 
present  study,  the  effect  of  the  shear  retention  factor  is  considered  as: 
,8= 
Be,  /  e. 
ý:  fl. 
in  6.4 
where  e,  is  the  tensile  crack  strain  (corresponds  to  the  peak  tensile  stress),  C.  is  a 
fictitious  strain  normal  to  the  crack  plane  and  B  and  8.  i,,  are  numerical  constants 
(Fig.  6.17).  Effect  behaviour  of  several  combination  values  for  these  constants  are 
studied  in  chapter  8. 
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Fig.  6.17:  Shear  retention  factor  0  used  in  this  research 
6.5:  Concrete  cracking 
Non-linear  behaviour  of  reinforced  concrete  is  mainly  caused  by  the  progressive 
cracking.  Nanakorn  and  Horii  (1996)  presented  a  model  for  the  fracture  process 
zone  (Fig.  6.18)  which  consists  of  a  micro-cracking  zone  and  a  bridging  zone.  The 
micro-cracking  zone  is  a  zone  where  the  initiation  of  micro-cracks  and  their  growth 
are  dominant.  The  bridging  zone  is  a  part  of  a  macro-crack  along  which  the  stress  is 
transmitted  partially  by  aggregate  or  fibres. 
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Fig.  6.18:  Schematic  illustration  of  fracture  process  zone  [Nanakorn  and  Horii  (1996)] 
In  finite  element  modelling  of  concrete  cracking,  extensive  research  has  been  carried 
out.  Two  distinct  models:  the  discrete  cracking  model,  originated  by  Ngo  and 
Scordelis  (1967)  and  the  smeared  cracking  model  established  by  Rashid  (1968)  are 
briefly  discussed  in  the  following  sub-sections. 
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6.5.1:  Discrete  crack  model 
The  discrete  crack  model  was  the  first  model  used  to  represent  the  cracking  for 
finite  element  method  (Fig.  6.19).  In  this  model,  the  elements  are  initially  rigidly 
joined  by  linkage  nodes  until  a  crack  is  detected.  This  happens  when  the  average 
stress  in  two  adjacent  elements  violates  the  yield  criterion  (section  6.6).  The  crack 
propagation  is  simulated  by  allowing  cracks  to  follow  element  boundaries.  This  is 
done  by  introducing  new  nodes  on  the  element  boundaries  which  make  twins  with 
the  original  ones.  This  approach  requires  a  pre-determined  element  mesh  which  suits 
an  assumed  location  and  orientation  of  the  cracks  (geometrical  restraints).  Also,  the 
introduction  of  the  new  nodes  leads  to  a  more  expensive  analysis  (wide  bandwidth 
in  the  global  stiffness  matrix).  For  these  reasons  the  discrete  crack  model  is  rarely 
used. 
6.5.2:  Smeared  crack  model 
In  the  smeared  crack  model,  it  is  assumed  that,  before  cracking  the  concrete  is  a 
homogeneous,  isotropic  and  linear  elastic  material  and  after  cracking  the  concrete 
remains  a  continuum  but  becomes  orthotropic  with  one  of  the  material  axis 
orientated  along  the  direction  of  the  crack  as  shown  in  figure  6.20.  In  this  model  the 
idea  of  orthogonal  cracks  was  adopted,  where  cracks  are  allowed  to  open  only  in 
directions  orthogonal  to  the  existing  cracks.  These  fixed  orthogonal  cracks  are 
governed  by  the  direction  of  the  first  principal  (tensile)  stress  that  exceeds  the 
cracking  strength.  When  a  first  crack  occurs,  it  is  assumed  that  direct  tensile  stresses 
cannot  be  supported  in  the  direction  normal  to  the  crack  and  therefore,  the  modulus 
of  elasticity  corresponding  to  this  direction  (nornial  to  crack)  is  reduced  to  zero 
unless  tension  stiffening  is  considered  (section  6.3.2).  The  reduced  shear  stiffness 
due  to  aggregate  interlock  is  accounted  for  by  a  reduced  shear  modulus  of  elasticity, 
G*  (section  6.4.1).  On  ftirther  loading,  orthogonal  cracks  occur  when  the  tensile 
stress  parallel  to  the  first  cracks  becomes  greater  than  the  concrete  tensile  strength 
A' 
- 
120 Chapter  6  Material  behaviour  and  modellin 
Fig.  6.19:  Crack  representation  in  discrete  crack  modelling  approach 
9 
Fig.  6.20:  Idealised  representation  of  a  single  crack  in  the  smeared  cracking  modelling  approach 
6.6:  Concrete  yield  criterion 
Because  of  the  complexity  of  the  reinforced  concrete  behaviour  and  its 
heterogeneous  nature,  it  is  difficult  to  completely  describe  its  behaviour  under  all 
conditions.  A  large  number  of  failure  criteria  have  been  proposed  in  the  literature. 
One  of  them,  for  biaxial  stress  conditions  based  on  experimental  work  of  Kupfer  et 
al.  (1969)  is  discussed  here.  For  triaxial  state  of  stress  Kotsovos  and  Newman 
(1979)  introduced  a  constitutive  equations  used  in  3-D  finite  element  modelling. 
Kotsovos  and  Pavlovic  (1995)  developed  a  mathematical  description  of  the  ultimate 
strength  envelope  of  concrete  under  axi-symetric  stress  states. 
6.6.1:  2-D  yield  criterion 
Figure  6.21  shows  the  failure  curve  in  biaxial  stresses.  This  curve  was  originally 
constructed  by  Kupfer  et  al.  (1969)  based  on  experimental  results  on  three  different 
concrete  strengths.  The  three  types  of  concrete  behaved  almost  identically.  This 
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curve  is  based  on  the  non-dimensionalised  values  of  the  principal  stresses  a,  and 
a2  with  respect  to  the  uniaxial  cylinder  strength  of  the  concrete  f.,. 
Fig.  6.21:  Biaxial  strength  of  concrete  [Kupfer  et  al.  (1969)] 
The  following  points  can  be  inferred  from  this  curve: 
o  The  ultimate  strength  of  concrete  under  biaxial  compression  is  greater  than  that 
under  uniaxial  compression.  This  is  so  because  of  the  confinement  of  cracks.  The 
concrete  strength  in  this  region  is  dependent  on  the  ratio  of  the  principal  stresses 
(6,162),  and  it  appears  that  the  maximum  strength  difference,  25%,  is  reached 
when  the  ratio  is  0.52,  decreasing  to  16%  as  the  ratio  Cr,  1  ý72  increased  to  1.0. 
"  The  compressive  strength  decreases  simultaneously  with  the  increase  of  the 
tensile  stress  in  the  case  of  combined  compression  and  tension  stresses. 
"  The  biaxial  tensile  strength  of  concrete  is  approximately  equal  to  its  uniaxial 
tensile  strength,  and  the  stress-strain  curves  are  similar  in  shape  in  both  uniaxial 
and  biaxial  tension. 
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6.6.1.1:  Approximation  of  yield  criteria 
The  general  octahedral  normal  a,,,  and  shear  r,,  stresses  are  given  by  the 
following  equations: 
Oct  - 
(7,  +  ay  +  a.,  6.5 
3 
r.  " 
V(a, 
-  ay)'  +  (ay  -  a..  )'  +  (aý  -  a,,  )'  +  6(r'  +  r'  +  r'  6.6 
3  XY  YZ  zx 
For  two  dimensional  stresses  these  equations  reduce  to: 
Woa 
a,  +ay 
6.7 
3 
&oa 
J2  (a  2 
+a 
2_ 
aa  +3r 
2 
6.8  yy  XY  31' 
From  the  investigations  by  Bresler  and  Pister  (1958)  ,  the  relationship  between 
octahedral  nonnal  stress  a  Od  and  octahedral  shear  stress  r  0. 
for  2-D  stresses  can 
be  approximated  to  the  form: 
r.,  =a+  ba.,  6.9 
where  a  Od  and  ro.  are  as  given  in  equations  6.7  and  6.8  respectively. 
The  factors  a  and  b  are  determined  using  the  boundary  conditions  as  follows: 
Compression  yield 
a  1.  For  uniaxial  compression:  a.  =  rzy  =  0.0  and  failure  occurs  when  x 
Substituting  into  equations  6.7  and  6.8  leads  to: 
f2 
and  r.,  =  Z, 
Thus  equation  6.9  becomes: 
, 
r2- 
a-b 
f" 
6.10 
33 
2.  For  biaxial  compression: 
xy 
For  equal  principal  stresses,  a,,  =  ay  =  -nf,  '  and  r=0.0 
where  n=1.16 
Substitution  into  equations  6.7  and  6.8  leads  to: 
2 
and  r.,,  = 
r 
(nf,  - 
3 
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Thus  equation  (6.9)  can  be  written  as: 
,  r2- 
(nf,,  -  )=a- 
2 
(nf,  -  )b  6.11 
33 
Solving  equations  6.10  and  6.11  for  a  and  b  we  get: 
a="2f"(I+ 
n-I  )  and  b=  Nr2  (n  -  1) 
3  1-2n  1-2n 
Substituting  into  equation  6.11,  the  compression  yield  criterion  is  given  as: 
r.,  a0a  J2  n 
f,  ,  2n-I  f,  .3  2n-I 
0.0 
when  the  value  of  n=1.16  is  substituted  we  get: 
roa  0.1714  C" 
-  OA  143  =  0.0  6.12 
fl,  4, 
Tension  -com  p  ression  yield 
1.  For  uniaxial  compression  equation  6.10  applies. 
2.  For  uniaxial  tension  ay  =  rxy  =  0.0  and  failure  occurs  when  a. 
where  mA0.1  f" 
Substitution  into  equations  6.7  and  6.8  we  get: 
a0a  = 
mf' 
and  ro.  mfj  33 
Thus  equation  6.9  becomes: 
N52  mf,  -=a+b  mf"  6.13 
33 
Solving  equations  6.10  and  6.13  for  a  and  b  we  get: 
a=  -F2f,  ' 
(, 
2m 
)  and  b  -vr2-(m  -  1) 
3  I+m  I+m 
Substituting  into  equation  6.13  we  get: 
ro.  F2(1-m)  a,  2NF2  m 
.+0.0 
Substituting  the  value  of  m=0.1  we  get: 
r  O'd  1.1571  uoa 
-  0.0857  =  0.0  6.14 
fr,  fl, 
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Tension-Tension  yield 
For  biaxial  tension  the  simple  circular  criterion  is  adopted  because  there  is  no 
significant  change  in  the  ultimate  tensile  strength  due  to  biaxial  tension: 
1.0  6.15 
where  a,  and62  are  the  principal  stresses. 
6.6.1.2:  Zoning  of  yield  surfaces 
The  equations  derived  above  define  the  2-D  failure  surface  for  concrete  in  different 
state  of  stresses.  However,  well  before  this  surface  has  been  reached  the  concrete 
cracks  and  the  non-linearity  starts.  To  accommodate  this  behaviour  into  analysis, 
intermediate  loading  surfaces  have  been  considered  as  shown  in  figure  6.22.  In  this 
figure  the  loading  surface  is  divided  into  initial,  subsequent  and  limiting  yield 
surfaces.  The  initial  yield  surface  (cr  =  03f,  "  )  is  regarded  as  the  limit  of  elastic 
behaviour.  For  a  state  of  stress  within  this  yield  surface,  concrete  is  assumed  to  be 
linear  and  the  linear  elastic  constitutive  relations  apply.  When  the  state  of  stress  goes 
beyond  the  initial  yield  surface,  an  intermediate  concrete  strength  f"  is  calculated 
as  in  equation  6.16  [Johanry  (1979)  and  Duncan  and  Johanry  (1979)]  for 
subsequent  yielding  surfaces  (Fig.  6.23). 
f,,  =  f.  -  f,  -+  (E,  /  EI)ft'  0-54  <  f.:  5  4'  6.16 
where  the  intermediate  concrete  strength,  f,.,,  =  03f,  -,  f,  '  =  tensile  strength 
of  concrete,  E.  =initial  modulus  of  elasticity  of  concrete  and  E,  =instantaneous 
modulus  of  elasticity  of  concrete.  The  concrete  instantaneous  modulus  is  computed 
as  in  equation  6.17  and  6.18. 
Ei  =  Eý  (1  -  ei  /  0.0025)  0.003  6.17 
Ei  =0  ei  >  0.003  6.18 
Where  c,  is  the  instantaneous  strain. 
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Fig.  6.22:  Yield  surface  zones,  initial,  intermediate  and  failure  envelop 
Fig.  6.23:  Stress-strain  curve  for  concrete  [Duncan  and  Johanry  (1979)] 
6.7:  Modelling  of  reinforcement 
Modelling  reinforcing  steel  is  straight  forward  because  the  material  behaviour  is 
essentially  uniaxial  and  well-known.  There  are  three  approaches  to  model  the 
reinforcement  in  reinforced  concrete:  smeared  model,  discrete  model  and  embedded 
model  (Fig.  6.24). 
6.7.1:  Smeared  model 
In  this  model  [Wegmuller  (1974)]  reinforcing  steel  is  represented  as  an  equivalent 
uniformly  distributed  steel  layer.  Each  steel  layer  is  assumed  to  resist  stresses  only 
in  the  direction  of  the  original  bar.  This  model  is  convenient  for  reinforced 
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concrete  plate  and  shell  structures,  or  where  a  large  number  of  reinforcing  bars  is 
used. 
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Fig.  6.24:  Modelling  of  reinforcement  , 
6.7.2:  Discrete  model 
In  this  model  reinforcing  bar  is  represented  by  one-dimensional  axial  force  element 
in  the  direction  of  the  bar.  The  element  is  pin  connected  to  the  concrete  two 
dimensional  element  nodal  points  with  two  degrees  of  freedom.  The  disadvantage  of 
this  model  is  that  the  finite  element  mesh  is  restricted  by  the  locations  of  the  bars 
which  leads  to  an  increase  in  the  size  of  the  stiffness  matrix.  For  more  information 
on  this  model  see  Cedolin  and  Poli  (1977) 
,  Ngo  and  Scordelis  (1967)  and  El- 
Mezaini  and  Citipitioglu  (199  1). 
6.7.3:  Embedded  model 
In  this  model  steel  is  idealised  as  a  line  element  built  into  the  finite  element  model 
such  that  its  displacements  are  consistent  (compatible)  with  those  of  the  concrete 
element.  The  bar  can  be  aligned  with  the  concrete  element  axis  [Phillips  and 
Zienkiewcz  (1976)]  or  inclined  [Ranjbaran  (1991)].  Also,  it  can  account  for  bond- 
slip  and  arbitrarily  oriented  embedded  reinforcing  layers  [Chang  et  al.  (1987)]. 
The  advantage  of  using  the  embedded  model  is  that  there  is  no  limitation  for 
representing  the  locations  or  distribution  of  reinforcement.  The  contribution  of  the 
Cyx 
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reinforcement  to  the  element  stiffness  can  be  evaluated  independently  for  each  steel 
bar  and  added  to  the  concrete  stiffness.  - 
In  this  study  this  model  was  used  and  reinforcing  bars  were  oriented  in  the  x  and/or 
y  axes. 
6.8:  Interaction  between  concrete  and  reinforcement 
6.8.1:  Bond-slip 
The  bond  between  concrete  and  reinforcing  bars  allows  forces  to  be  transferred 
between  the  two  materials.  It  results  from  chemical  adhesion,  friction  and 
mechanical  interaction  between  concrete  and  reinforcement.  The  stronger  the  bond 
the  larger  the  transferred  force.  Bond  is  influenced  by  concrete  strength,  embedment 
length,  concrete  cover,  bar  spacing  and  bar  deformation  or  lugs.  Figure  6.25  shows 
primary  and  secondary  cracks  in  reinforced  concrete  tension  member. 
Fig.  6.25:  Cracking  of  concrete 
The  primary  cracks  are  widest  at  the  surface  and  narrowest  at  the  surface  of 
reinforcing  bar.  The  deformation  of  the  reinforcing  bar  tends  to  control  the  crack 
width  by  limiting  the  slip  between  concrete  and  steel.  The  secondary  cracks  increase 
in  width  with  distance  away  from  the  reinforcement  before  narrowing  and  closing 
prior  to  reaching  the  concrete  surface.  Fu  and  Chung  (1998)  studied  the  effects  of 
water-cement  ratio,  curing  age,  silica  fume,  polymer  admixtures,  steel  surface 
treatments,  and  corrosion  on  bond  between  concrete  and  steel  reinforcing  bars.  They 
used  electromechanical  pull-out  testing  that  involved  measuring  the  shear  bond 
strength  and  contact  electrical  resistivity.  Polak  and  Blackwell  (1998)  assumed  that, 
the  bond  is  mainly  due  to  bearing  of  concrete  on  the  reinforcing  bar  lugs  and, 
therefore,  their  model  ignores  other  factors  like  the  chemical  adhesion,  friction 
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and  mechanical  interlock  between  the  bar  and  concrete.  They  divided  the  member 
cross-section  into  concrete  and  steel  layers.  As  the  reinforcing  bar  undergoes  tensile 
strain,  its  perimeter  decreases  due  to  Poisson  effect.  Therefore,  both  the  cross- 
sectional  area  of  the  reinforcing  bar  and  the  outer  perimeter  of  lugs  decrease.  This 
leads  to  reduction  in  the  contact  between  the  concrete  and  the  bar  (Fig.  6.26).  Salem 
and  Maekawa  (1997)  assumed  that  the  bond  is  maximum  midway  between  cracks, 
decreases  linearly  towards  the  cracks  and  drops  to  zero  at  a  distance  2.5  times  bar 
diameter  from  the  crack  surface  due  to  splitting  and  crushing  of  concrete  around  the 
bar  near  the  crack  surface. 
In  this  study  a  full  bond  between  concrete  and  steel  is  assumed. 
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Fig.  6.26:  (a):  Reinforcing  bar  and  concrete  geometry  before  cracking,  (b):  Contact  area  between 
concrete  and  reinforcement  after  cracking,  (c):  Reinforcing  bar  and  concrete  geometry 
after  cracking,  (d):  Contact  area  between  concrete  and  reinforcement  after  cracking 
6.8.2:  Dowel  action 
Reinforcing  bars  crossing  shear  cracks  are  subject  to  concentrated  shear  forces. 
These  bars  act  as  dowels  and  play  a  major  role  in  resisting  the  shear  forces, 
especially  when  the  resistance  from  the  aggregate  interlock  has  diminished  due  to 
crack  opening  (Fig.  6.27).  Dowel  action  resistance  may  account  for  30  percent  of 
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the  applied  shear  force  [Kemp  (1986)].  The  dowel  force  capacity  of  a  member  is 
increased  significantly  by  increasing  the  clear  cover  and  the  amount  of  stirrups.  The 
bigger  the  cover  the  less  chance  of  spalling  of  concrete  which  leads  to  a  larger  stress 
transfer  to  concrete.  Also,  large  number  of  stirrups  restrain  the  concrete  against 
splitting  and  thus  increase  the  ultimate  bond  stress.  However,  contradicting  results 
were  reported  by  Jelic  et  al.  (1999)  who  concluded  that  the  bar  size  plays  no  role  in 
the  beam  ultimate  shear  capacity  and  that  the  dowel  action  cannot  be  considered  as  a 
viable  component  in  the  shear  mechanism  of  cracked  reinforced  concrete  section. 
The  dowel  action  of  steel  is  not  considered  in  this  study  because  it  happens  at  very 
late  stages  of  loading.  Another'reason  for  this  is  to  avoid  two  dimensional 
representation  of  steel  bar. 
Fig.  6.27:  Dowel  action  and  kinking  of  steel  bar 
6.8.3:  Kinking  of  steel  bars 
In  the  presence  of  shear,  steel  bars  crossing  the  tensile  cracks  are  often  subjected  to 
kinking  due  to  perpendicular  displacement  to  the  axis  of  the  bar  (Fig.  6.27).  This  is 
in  addition  to  the  tension  caused  by  crack  opening.  The  bar  at  the  crack  interface  is 
subjected  to  general  condition  of  coupled  axial  pullout  and  transverse  displacement. 
The  local  bending  of  a  steel  bar  causes  further  damage  of  bond  between  concrete 
and  steel  increasing  the  yield  zone  of  the  bar  at  the  crack.  This  longer  yield  zone 
contributes  additional  deformation  to  the  average  elongation  of  a  steel  bar.  These 
effects  lower  the  average  stress-strain  curve  than  the  bare  bar.  Pang  and  Hsu  (1995) 
found  that,  due  to  kinking  of  steel  bars  in  concrete  shear  panels,  the  yield  stress  of 
the  steel  bar  is  significantly  lower  than  the  yield  strength  of  the  bare  bar  and  that  the 
post-yield  branch  lies  significantly  below  the  strain  hardening  curve  of  a  bare  bar. 
They  proposed  a  bilinear  stress-strain  relationship  as  shown  in  figure  6.28.  This  is in 
contrary  to  the  case  where  the  bar  is  subjected  to  pure  axial  load  (no  transverse 
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displacement)  in  which  it  follows  the  bare  bar  stress-strain  relationship.  Similar 
findings  were  reported  by  Maekawa  and  Qureshi  (1996)  while  testing  beams 
subjected  to  a  pure  shear  loading.  In  addition  they  found  that  the  maximum  strain  in 
the  bar  occurs  within  the  concrete  at  a  location  depending  on  the  bar  diameter, 
typically  two  times  the  bar  diameter  from  the  crack  surface  (Fig.  6.29). 
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7.1:  Introduction 
In  this  chapter  an  in-house  finite  element  program,  originally  developed  for  carrying 
out  non-linear  2-D  analysis  [Abdel-Kader  (1993)],  used  for  the  analysis  of  hollow 
beams  is  described.  The  method  of  ensuring  compatibility  between  the  plates  using 
two  dimensional  model  to  analyse  this  type  of  structures  is  discussed.  This  program 
is  used  in  a  parametric  study  reported  in  chapter  8  to  develop  a  finite  element  model 
which  is  used  for  the  analysis  of  hollow  beams  tested  in  this  research  (Chapter  9).  A 
brief  review  of  the  finite  element  displacement  method  is  also  presented. 
7.2:  Modelling  of  hollow  beams 
Figure  7.1  shows  a  typical  rectangular  hollow  concrete  beam.  The  biaxial  state  of 
stress  that  each  plate  is  subjected  to  due  to  combined  loading  was  discussed  in 
section  3.7.  l'of  chapter  3. 
7.2.1:  Idealisation  of  the  problem 
Considering  the  complex  behaviour  of  hollow  beams,  a  detailed  analysis  would 
normally  require  a  full  three  dimensional  finite  element  model.  However,  a  study  of 
the  structural  behaviour  of  thin-walled  concrete  beams  indicates  that  the  main  stress 
conditions  are  those  of  direct  stresses  in  the  plates  of  the  box  girder.  The  forces 
involved  in  out-of-plane  bending  are  very  small  and  can  be  ignored.  The  distortion 
of  cross-section  is  prevented  by  the  use  of  reasonably  thick  plates  and  diaphragms. 
This  suggests  that  the  main  stresses  are  in-plane  ones  and,  therefore,  a  plane  stress 
element  can  be  used  to  account  for  the  major  stresses.  A  zero  stiffness  is  assumed 
for  out-of-plane  bending  action  of  the  component  plates.  Figure  3.11,  which  is 
repeated  here  for  convenience,  shows  the  state  of  stress  in  a  box  beam  subjected  to 
bending,  torsion  and  shear.  Figure  7.2  shows  the  plane  stress  element  with  two 
degrees  of  freedom  per  node  which  can  be  used  in  2-D  finite  element  modelling. 
The  advantage  of  this  approach  over  a  full  three-dimensional  finite  element  solution 
is  that  it  leads  to  cheaper  computations  while  at  the  same  time  the  main  stresses  are 
obtained  with  reasonable  accuracy.  This  was  proved  later  in  chapter  nine  when  the 
results  were  compared  with  tested  beams. Chapter  7  Modelling  of  hollow  beams  and  2-D  finite  element  program 
Fig.  7.1:  Typical  hollow  beam  used  in  this  research 
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Fig.  3.11:  State  of  stress  in  a  typical  beam 
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Fig.  7.2:  Simplified  plane  stress  element 
7.2.2:  Geometrical  relationship  between  displacements 
The  two-dimensional  idealisation  of  box  girders  is  adequate  provided  compatibility 
of  displacement  between  adjoining  plates  along  the  line  of  intersection  is  maintained 
and  cross-sectional  distortion  is  reduced  to  a  minimum.  To  achieve  these  objectives, 
the  following  steps  were  adopted  as  shown  in  figure  7.3: 
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1.  To  ensure  shear  transfer  between  adjoining  plates  of  the  beam,  compatibility  of 
displacement  along  the  line  of  intersection  at  the  common  edge  of  adjoining 
plates  is  maintained  by  introducing  geometrical  constraints. 
2.  To  reduce  cross-sectional  distortion,  end  diaphragms  are  introduced  into  the 
analysis. 
)f  Displacement 
Diaphragm 
Fig.  7.3:  Imposed  displacement  constraint 
To  illustrate  this  technique,  consider  top  flange,  front  web  and  left  diaphragm  of  a 
typical  beam  as  shown  in  figure  7.4.  For  ease,  only  some  element  comer  nodes  are 
shown  in  this  illustration. 
If  the  out-of-plane  bending  is  ignored,  then  the  web  and  the  flange  can  be 
considered  as  thin  plates  in  a  state  of  plane  stress.  However,  the  displacements  of 
both  plates  along  the  joining  line  are  equal  to  each  other.  The  displacements 
perpendicular  to  the  joining  line  are  independent  of  each  other.  The  same  applies  to 
the  lines  joining  the  plates  with  the  diaphragm.  It  is  therefore,  necessary  in  this 
analysis  to  enforce  geometrical  constraints  to  ensure  compatibility  along  the  lines  of 
intersections.  This  is  done  by  giving  the  same  freedom  number  for  those  equal 
displacements.  Other  freedoms  which  are  independent  are  given  different  numbers. 
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In  other  words,  every  pair  of  displacements  in  the  x-direction  (direction  of  the  beam 
axis)  of  the  joining  line  between  the  flange  and  the  web  will  be  having  the  same 
freedom  number  and,  therefore,  the  same  displacement  value  for  that  pair.  The 
displacements  perpendicular  to  this  line  will  have  different  numbers. 
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In  addition  to  the  freedom  numbering,  attention  should  be  given  to  plate  orientation 
when  the  whole  structure  is  assembled,  to  prevent  contradicting  directions  of 
displacements.  This  is  best  done  by  selecting  a  3-D  axis  system  for  the  whole 
structure  and  expressing  the  local  co-ordinates  of  each  plate  in  such  a  way  that  it  is 
compatible.  So  when  all  plates  are  put  together  they  make  sense  in  representing  the 
actual  structure.  An  example  of  this  is  shown  in  figure  7.5.  In  this  figure  only  local 
co-ordinates  are  used  and  the  plate  origins  are  where  the  arrows  intersect.  The 
displacements  on  the  intersection  line  along  x-axis  of  a  flange  are  equal  to  the 
displacements  along  the  x-axis  of  a  web.  On  the  line  intersecting  the  web  and  the 
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diaphragm,  the  y-axis  displacements  of  a  web  are  equal  to  the  y-axis  displacements 
of  diaphragm.  On  the  line  intersecting  the  flange  and  the  diaphragm,  the  y-axis 
displacements  of  a  flange  are  equal  to  x-axis  displacements  of  a  diaphragm.  The 
rigid  body  movement  is  prevented  by  a  proper  restraints  which  are  dependent  on  the 
load  conditions  and  support  locations. 
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Fig.  7.5:  Hollow  beam  idealisation 
7.3:  Finite  element  method 
In  this  section  a  brief  review  of  the  finite  element  displacement  method  (the 
displacements  are  the  prime  unknowns,  with  the  stresses  being  determined  from  the 
calculated  displacement  field)  is  presented.  Detailed  information  about  the  finite 
element  method  and  its  applications  can  be  found  in  the  literature  [e.  g.  Bathe 
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(1982),  Hinton  and  Owen  (1986),  Hinton  and  Owen  (1989),  Zienkiewicz  and  Taylor 
(1989),  MacLeod  (1990)  and  Kotsovos  and  Pavlovic  (1995)]. 
7.3.1:  Concept  and  formulation 
The  differential  equations  governing  the  solution  of  elastic  stress  problems  are 
linear.  However,  for  the  plastic  stress  problems  the  solution  is  non-linear  and 
involves  the  solving  of  a  series  of  linear  problems. 
In  the  finite  element  method  the  non-linear  problems  are  solved  satisfying  the  basic 
laws  of  continuum  mechanics,  equilibrium,  compatibility  and  constitutive 
relationship  of  materials.  For  this  purpose  the  continuum  (structure)  is  divided  into  a 
series  of  distinct  non-overlapping  regions  known  as  elements.  These  elements  are 
connected  at  a  finite  number  of  points  along  their  periphery  known  as  nodal  points. 
Within  the  element,  there  are  points  at  which  functions  are  calculated  for  integration 
purposes  (Gauss  Points).  The  shape  of  the  element,  the  number  of  the  nodal  points 
and  the  Gauss  points  are  arbitrary.  To  ensure  adequate  convergence  to  the  exact 
solutions,  in  finite  element  displacement  models,  continuity  of  displacement 
between  adjoining  elements  should  be  satisfied.  Further,  material  constitutive 
relation  must  be  maintained  as  well  as  preserving  equilibrium  in  the  structure.  This 
can  be  achieved  by  ensuring  that  at  any  load  level,  stresses  are  consistent  with 
displacement  field  and  material  constitutive  relationship.  This  is  generally  obtained 
by  successive  linear  solutions  until  specified  accuracy  is  reached.  If  the  material  is 
within  the  elastic  region,  the  relationship  between  the  nodal  forces  and  the 
displacement  is  linear  and  the  stiffness  matrix  is  un-changed.  However,  if  the 
material  yields  then  the  relationship  is  non-linear  and  the  stiffness  matrix  has  to  be 
updated.  This  is  done  by  a  succession  of  linear  approximations  considering  the  new 
material  law.  These  piece-wise  linearisations  are  used  to  form  a  global  non-linear 
solution  for  the  problem. 
7.3.2:  Discretisation  by  finite  elements 
The  numerical  solution  to  any  problem  is  attempted  by  assuming  that  the  behaviour 
of  the  continuum  can  be  represented  by  a  finite  number  of  unknowns.  For  structural 
applications,  the  governing  equilibrium  equations  can  be  obtained  by  minimising  the 
total  potential  I-I  of  the  system  which  can  be  expressed  as: 
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ri  =I  f[u]'jcjdV  - 
f[J31T  {p)dV  -  f[t5]r  {qlds  7.1  2vvs 
where  a  and  .6  are  the  stress  and  strain  vectors  respectively,  8  is  the 
displacements  at.  any  point,  p  is  the  body  force  per  unit  volume  and  q  is  the 
applied  surface  tractions.  Integrations  are  taken  over  the  volume  V  of  the  structure 
and  loaded  surface  area  S.  The  first  term  on  the  right  hand  side  of  equation  7.1 
represents  the  internal  strain  energy  and  the  other  terms  are  the  work  contributions 
of  the  external  forces  p  and  q  respectively. 
In  the  finite  element  displacement  method,  the  displacement  is  assumed  to  have 
unknown  values  only  at  the  nodal  points,  so  that  the  variation  within  any  element  is 
described  in  terms  of  the  nodal  values  by  means  of  interpolation  functions.  Thus: 
{,  61  =  [N]  {(5)  7.2 
where  N  is  the  vector  of  interpolation  functions  termed  as  shape  functions,  and  8' 
is  the  vector  of  nodal  displacements  of  the  element.  The  strains  within  the  element 
can  be  expressed  in  terms  of  the  element  nodal  displacement  as: 
(c)  =  [B]  {5')  7.3 
where  B  is  the  strain  matrix  generally  composed  of  derivatives  of  shape  ftmctions. 
The  stresses  a  may  be  related  to  the  strains  e  by  the  use  of  the  elasticity  matrix  D 
as: 
(a)  =  [D]  (c)  7.4 
The  total  potential  of  the  continuum  will  be  the  sum  of  the  energy  contributions  of 
the  individual  elements.  Thus: 
ri  =  Erl  e 
7.5 
where  171,  represents  the  total  potential  of  an  element  e.  By  using  equation  7.1,  Ile 
can  be  written  as  follows: 
Ile  =1f  J(5'jT[B]T[D][B]  jS')dV  -f 
18,  )T  [N]T  fp)dV  -f  (8e  )T  [N]T  {q)dS  7.6 
2 
V.  V.  S. 
where  V.  is  the  element  volume  and  S.  is  the  loaded  element  surface  area. 
7.3.3:  Element  stiffness  matrix 
The  performance  of  the  minimisation  for  element  e  with  respect  to  the  nodal 
displacement  8'  of  the  element  results  in: 
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f[B]T[D][B](S*IdV-  f[N]T  fpldV  - 
f[N]T  WdS 
V.  S. 
7.7 
where:  JF')=f[N]"{p)dV+f[N]r(q)dS  7.8 
V.  S. 
are  the  equivalent  nodal  forces  for  the  element  and: 
[K']  = 
f[B]r[D][B]dV  7.9 
V. 
is  termed  the  element  stiffness  matrix. 
7.3.4:  Continuum  stiffness  matrix 
The  summation  of  terms  in  equation  7.7  over  all  the  elements,  when  equated  to  zero, 
results  in  a  system  of  equilibrium  equations  for  the  complete  continuum,  i.  e. 
(F)  =  [K]  (t5)  7.10 
where  (Fj  is  the  equivalent  nodal  forces  for  the  continuum,  [K]  is  the  stiffness 
matrix  of  the  continuum  and  (8)  is  the  nodal  displacements  of  the  continuum. 
These  equations  are  then  solved  by  any  standard  technique  to  yield  the  nodal 
displacements.  Once  this  is  done,  the  strains  and  thereafter  the  stresses  in  each 
element  can  be  evaluated  using  equations  7.3  and  7.4  respectively. 
7.3.5:  Two-dimensional  isoparametric  element 
Isoparametric  elements  are  versatile,  good  performers  and  well  tried  and  tested.  In 
these  elements,  the  interpolation  fimction  used  for  defining  the  displacement 
variation  within  the  element  is  also  used  to  define  the  element  geometry.  This 
simultaneous  description  of  element  geometry  and  displacement  variation  by  the 
shape  fimctions  leads  to  efficient  computing  effort.  The  basic  procedure  is  to 
express  the  element  co-ordinates  and  element  displacements  by  fimctions  expressed 
in  terms  of  the  natural  co-ordinates  of  the  element.  The  natural  co-ordinate  system 
used  in  the  isoparametric  elements  is  a  local  system  defined  by  the  element  and  not 
by  the  element  orientation  in  the  global  system.  Figure  7.6  shows  this  type  of 
element  and  its  natural  co-ordinate  system. 
7.3.6:  Shape  functions 
The  ftmdamental  property  of  the  shape  (interpolation)  function  N,  is  that  its  value 
in  the  natural  co-ordinate  system  is  unity  at  node  i  and  zero  at  all  other  nodes. 
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Polynomials  are  often  selected  as  shape  functions  because  they  are  relatively  easy  to 
manipulate  mathematically,  particularly  with  ,  regard  to  integration  and 
differentiation.  The  degree  of  polynomial  chosen  depends  on  the  number  of  nodes 
and  degree  of  freedom  associated  with  the  element. 
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Fig.  7.6:  Typical  8-nodded  isoparametric  element 
Figure  7.7  shows  the  shape  functions  for  8-nodded  isoparametric  element.  The 
shape  functions  for  the  eight-nodded  element  is  given  by  the  following  equations  in 
curvilinear  co-ordinates  and  q: 
For  comer  nodes:  N,  =0+  4ý;  i 
X1  +  ?  7?  71  X4;; 
i  +  17  Ili  7.11 
4 
For  mid-side  nodes:  N,  =It;  i  0+  441  XI  -  17')  +  ?  7,  (1  +  1777,  X1  7.12 
2 
where  ý;  and  q  are  the  intrinsic  co-ordinates  of  any  point  within  the  element.  By 
deflinition,  ý;  and  q  have  values  in  the  interval  [-I,  I].  Since  each  element  has  two 
degrees  of  freedom  at  each  node,  namely  u,  and  v,,  then  it  has  a  total  of  16  degrees 
of  freedom,  and  the  element  nodal  displacement  vector  f8'1  can  be  written  as: 
(  01  )9  1(52  )9--- 
**  *** 
168  )) 
the  displacement  components  at  the  z  th  node. 
=  fui,  v,  I 
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Having  established  the  nodal  displacements,  the  displacements  at  any  point  inside 
the  element,  u  and  v,  can  be  expressed  in  terms  of  these  shape  functions  as 
follows: 
Ni  (ý,  t7)u, 
V= 
or  18)  =  (u,  v) 
9 
Ni  (ý,  77)T 
{45i 
where  [N(ý;,  17)]T  = 
N,  0  N2  0 
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............. 
Ng 
=  shape  function  matrix 
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Fig.  7.7:  Shape  function  for  8-nodded  isoparametric  element 
7.13 
7.14 
141 Chapter  7  Modelling  of  hollow  beams  and  2-D  finite  element  program 
7.3.7:  Stress-strain  relationships 
The  strains  vAthin  the  elements  are  expressed  in  terms  of  the  derivations  of  the 
displacements,  i.  e.: 
(e)  (s. 
-v  yy 
y 
xy 
) 
C7,  u  &  I-  -  (a'  +  7.15 
ac  00C?  c 
I 
Substituting  equations  7.13  and  7.14  into  equation  7.15  leads  to: 
{S)  =  [B]  {5«)  7.16 
where  {8'  ')  (u,  V, 
U2  V2  vj  and 
[B]=[Bj(ý,?  7)  B2(,;,  i7)  ................. 
B8  (,;,  t7)] 
=  Strain  matrix. 
in  which: 
av,  0  a 
[Bi  0 
OV, 
OY 
av, 
LJ 
For  linear  analysis  of  uncracked  concrete,  and  in  the  absence  of  initial  stresses  and 
strains,  the  incremental  form  of  stress-strain  relationship  in  global  direction  in  plane 
stress  case  is  given  by  the  following  equation: 
A(a)  =  [DT]Afc)  7.17 
where  [D,.  ]  is  the  tangential  elasticity  matrix  given  by: 
v0 
[Dr] 
E 
v107.18 
00 
0-  V) 
2j 
where  E  is  Young's  modulus  of  elasticity  and  v  is  Poisson's  ratio.  The  onset  of  the 
cracking  will  introduce  orthotropic  conditions,  and  new  incremental  constitutive 
relationships  will  apply  for  the  material  parallel  to  and  normal  to  the  cracks.  Normal 
stress  across  the  crack  is  either  reduced  to  zero  in  the  case  of  tension  cut-off,  or 
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follows  the  descending  portion  of  the  tensile  stress-strain  curve  when  tension 
stiffening  is  taken  into  account.  A  new  elasticity  matrix  in  crack  directions  takes 
place  and  is  given  by: 
[D.,  ]*  =  7.19 
where  8  is  the  shear  retention  factor,  and  E.  and  E,  are  the  module  of  elasticity 
nonnal  and  parallel  to  the  crack  plane,  respectively. 
Using  the  tension  cut-off  criterion,  when  single  crack  has  occurred,  then: 
E.  =  0.0  and  E,  =E 
For  double  cracking: 
E.  =  0.0  and  E,  =  0.0 
It  is  essential,  for  reasons  of  numerical  stability,  to  avoid  zero  values  on  the 
diagonals  of  the  stiffness  matrix.  Thus  instead  of  putting  E  equal  to  zero  it  takes  a 
comparatively  small  value  (e.  g.  E=  LOE  -  20). 
When  tension  stiffening  is  taken  into  account  and  a  single  crack  has  occurred,  then: 
and  E,  =E 
For  double  cracking: 
=a.  /  en  and  E,  =a,  /c, 
where  -.  and  e,  are  the  tensile  strains  normal  and  tangential  to  the  crack  plane,  and 
a.  and  a,  are  the  corresponding  tensile  stresses  calculated  from  the  tension 
stiffening  curve. 
7.3.8:  Stiffness  matrix  of  embedded  bar 
Due  to  the  assumption  of  perfect  bond  (fidl  compatibility)  between  steel  and 
concrete,  the  displacements  Ju,  v)  of  any  point  on  the  bar  are  obtained  from  the 
displacement  field  of  the  isoparametric  element  as: 
Ul 
v 
7.20 
where  N  is  the  shape  function  of  the  concrete  element  and  18)'  is  the  nodal 
displacement  vector.  In  plane  stress,  bars  lie  in  the  plane  of  the  analysis  and  only 
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strain  in  the  bar  direction  is  required.  The  virtual  work  of  reinforcing  element  can  be 
written  as: 
AU  =  A,  fAei. 
u1.  di 
1 
7.21 
in  which  AU  =  internal  virtual  work  in  the  reinforcement,  A,  =  cross-sectional  area, 
di  =  line  segment  along  the  reinforcement  and  cr,  and  e,  are  the  longitudinal  stress 
and  strain  along  the  line  segment  respectively.  For  bar  parallel  to  the  x-axis: 
a,  =  a,,  el  =  C.  ", 
dl  =  dx 
Equation  7.21  becomes: 
AU  =  A,  fAs￿. 
u￿.  dx 
The  strain  in  the  bar  can  be  calculated  as  follows: 
ex  ==  aa 
Ex 
--:  1  avi  (';,  17) 
101 
ui 
CYI  a3.  - 
iv,  1 
c=B,  3* 
7.22 
where  B  is  the  nodal  displacement-strain  matrix.  The  relation  between  the  stress 
and  strain  in  the  bar  is: 
Ee  because  [D],  =  E, 
And  the  stiffness  of  embedded  bar  in  x  direction  can  be  expressed  as: 
K,  =  AE,  fB  T  Bdx 
dx  = 
dx 
d;  =  J,.  d; 
dý 
I 
K,  =  A,  E,  iBTB 
J. 
7.23 
where  E.  =the  bar  Young's  modulus  and  J,  =  Jacobian  for  steel  element.  The 
same  steps  can  be  repeated  for  a  bar  in  the  y-axis. 
The  final  expression  for  the  composite  element  stiffness  is  simply  evaluated  by 
adding  the  stiffness  matrices  for  concrete  and  steel  together  as  follows: 
K,,  +  K, 
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in  which  K.  is  the  stiffness  matrix  for  the  composite  element  and  K,  and  K,  are 
the  element  and  steel  stiffness  matrices  respectively. 
7.3.9:  Numerical  integration 
Since  it  is  difficult  or  perhaps  impossible  to  perform  a  closed  form  of  integrations  in 
evaluating  the  element  matrix,  some  form  of  numerical  integration  is  essential.  In 
this  study,  Gauss-Legender  quadrature  rules  is  used  because  of  their  higher 
efficiency  over  other  forms  of  quadrature.  These  rules  are  particularly  suitable  for 
isoparametric  elements  since  the  limits  of  integration  are  ±1  which  coincide  with 
local  co-ordinate  system  ±1  on  element  boundary.  In  this  study  a  30  Gauss  rule  is 
adopted.  The  general  form  of  the  integral  using  Gauss-Legender  for  two  dimensions 
where  double  integral  exist  is: 
IImm 
jjf(;, 
)7)dýdj7  =ZZWjWjf(ý;  jo?  jj) 
-1-1  1-1  J=l 
7.24 
where  W,  and  Wj  are  the  ih  and  j'h  weighting  factors,  ý,  and  Y7,  are  the  co- 
ordinates  of  the  ih  integration  point  and  m  is  the  total  number  of  integration  points. 
7.3.10:  Equation  solution  technique 
In  this  study  the  simultaneous  equations  are  solved  using  the  direct  Gaussian 
elimination  algorithms  in  conjunction  with  the  frontal  method  of  equation  assembly 
and  reduction.  The  main  features  of  this  method  is  that  it  assembles  the  equations 
and  eliminates  the  variable  at  the  same  time.  Hence  the  complete  structural  stiffness 
is  never  formed.  This  reduces  computer  storage  significantly.  The  stiffnesses  are 
evaluated  using  a  secant  rigidity  matrix.  The  program  used  has  several  choices  for 
updating  the  stiffness  matrix  as  will  be  shown  in  chapter  8. 
7.3.11:  Numerical  methods  of  analysis 
The  finite  element  method  uses  one  of  the  following  procedures  for  solution  of  non- 
linear  problems: 
1.  Incremental  procedure. 
2.  Iterative  procedure. 
3.  Incremental-iterative  procedure. 
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1:  Incremental  procedure 
This  approach  consists  of  linearisation  of  equation  7.10.  The  external  load  IF)  is 
usually  applied  in  small  increments  (AF). 
[KT]  (M)  -  JAF)  =07.25 
Where  [KT]  is  the  tangent  stiffhess  matrix  at  the  beginning  of  the  increment  and 
JAS)  is  the  incremental  displacement.  The  behaviour  of  the  structure  within  each 
increment  is  assumed  to  be  linear.  For  each  load  increment  [KT]  is  assumed  to  be 
constant  but  changes  for  subsequent  increments.  The  system  of  linear  equations 
given  by  equation  7.25  is  then  solved  to  obtain  unknown  incremental  displacement. 
The  solution  tends  to  drift  away  from  the  equilibrium  curve  as  shown  in  figure  7.8. 
The  degree  of  error  resulting  from  this  piece-wise  linearisation  depends  mainly  on 
the  size  of  the  load  increment.  The  smaller  the  increment  size  the  better  the 
prediction  but  the  analysis  becomes  expensive.  In  highly  non-linear  problems  such 
as  reinforced  concrete  structures,  the  accumulation  of  errors  over  several  increments 
could  lead  to  incorrect  solution.  This  occurs  due  to  the  fact  that  the  actual  state  of 
stress  after  each  load  increment  does  not  correspond  to  the  applied  load  as  a  result  of 
non-linear  effects.  Hence,  equilibrium  violation  occurs.  To  overcome  this  problem, 
the  difference  between  actual  resisting  load  and  applied  load,  known  as  residual 
load,  is  calculated  and  added  to  the  next  load  increment.  This  method  is  called  the 
corrected  incremental  method  and  leads  to  better  performance. 
Load 
F4 
-I 
F3 
F2 
displacement  errors 
Fl- 
81  82  83  84  Displacement 
Fig.  7.8:  Incremental  method 
5 
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2:  Iteration  procedure 
In  this  approach  the  solution  of  equation  7.10  is  obtained  from  a  single  load  step 
(Fig.  7.9).  After  obtaining  the  displacements,  the  corresponding  stresses  are 
evaluated  according  to  the  prevailing  material  constitutive  relations.  Due  to  possible 
lack  of  equilibrium  between  the  applied  and  internal  resisting  forces  because  of  non- 
linear  effects,  residual  or  out  of  balance  nodal  forces  occur.  These  out  of  balance 
forces  are  applied  to  the  structure  and  solved  for  unknown  additional  displacements. 
Subsequently,  new  set  of  equivalent  nodal  forces  are  obtained.  This  process  of 
successive  iteration  is  continued  until  a  chosen  level  of  convergence  is  achieved. 
The  total  displacement  is  then  obtained  by  summation  of  displacements  from  each 
iteration.  This  approach  is  convenient  if  only  ultimate  load  capacity  of  the  structure 
is  desired.  The  main  disadvantages  of  the  iterative  procedure  are:  there  is  no 
guarantee  of  convergence  toexaci  solution  because  of  large  residual  forces,  the 
displacement,  strains  and  stresses  are  obtained  fiom  only  one  load  increment  and 
gives  no  response  history  of  the  structure. 
Load 
F 
8 
(a):  Iteration  method  with  constant  stiffness 
Fig.  7.9:  Iteration  method 
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F 
5 
(b):  Iteration  method  with  variable  stiffhess 
Fig.  7.9:  Continued 
3:  Incremental-Iterative  procedure 
In  this  approach  the  advantages  of  the  incremental  and  iteration  methods  are 
combined.  In  this  method  the  total  load  is  divided  into  a  number  of  load  increments 
and  the  solutions  are  obtained  iteratively  until  equilibrium  is  achieved  to  an 
acceptable  level  of  accuracy  (Fig.  7.10).  For  every  increment  the  stiffness  matrix 
can  be  updated  for  every  iteration,  or  after  several  iterations  or  kept  constant  during 
that  increment.  The  mixed  incremental-iteration  procedure  is  adopted  in  this  study. 
Load 
F, 
F, 
$ 
F3 
Fz 
F1 
8 
Lila  Pla%oultialit 
Fig.  7.10:  Incremental-Iteration  method 
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7.3.12:  Convergence  criterion 
Since  the  numerical  solutions  do  not  usually  lead  to  an  exact  equilibrium,  criteria  to 
determine  convergence  have  to  be  established.  The  main  purpose  of  the  convergence 
criterion  is  to  ensure  gradual  elimination  of  the  out-of-balance  (residual)  forces  and 
to  terminate  the  iterative  process  when  the  desired  accuracy  has  been  achieved.  In 
this  study  the  convergence  criterion  is  based  on  the  out-of-balance  load  norms.  They 
indicate  directly  how  well  equilibrium  requirements  are  met.  Since  it  is  difficult  and 
expensive  to  check  the  decay  of  residual  forces  for  every  degree  of  freedom,  an 
overall  evaluation  of  convergence  is  used.  This  is done  by  using  the  (residual)  force 
norm.  This  criterion  assumes  that  convergence  is  achieved  if: 
0  AR. 
-  1 
.  :5  Toler 
Fj* 
where: 
A.  R, 
=  the  norm  of  residuals. 
the  residual  force  vector  at  ith  iteration, 
Fj*  = 
ýJFI)TJFI) 
=  the  nonn  of  the  applied  loads, 
(Fi)  =  the  total  applied  load  vector, 
Toler  =  specified  convergence  tolerance. 
7.26 
It  should  be  noted  that  fine  tolerance  is  desirable  because  it  leads  to  closer  solution 
to  the  exact  but  it  can  be  very  expensive  to  obtain  due  to  large  number  of  iterations. 
In  some  cases  it  causes  divergence  in  the  highly  non-linear  analysis.  The  rate  of 
convergence  very  much  depends  on  the  method  used  in  the  solution.  For  example, 
the  constant  stiffness  will  lead  to  slow  convergence  and  this  leads  to  many  iterations 
which  is  very  costly.  Discontinuities  in  material  (cracks,  yielding  ... 
)  causes  large 
residuals  and  these  residuals  need  to  be  distributed  which  leads  to  more 
discontinuities  in  other  parts  of  the  structure. 
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7.4:  Basic  steps  in  non-linear  program 
The  major  steps  in  the  linear  and  non-linear  analysis  of  a  typical  finite  element 
program  are: 
1.  Subdivision  of  the  structure  and  representing  different  parts  by  appropriate  types 
of  finite  elements. 
2.  Generation  and  assembly  of  load  vector  (F) 
. 
3.  Generation  of  element  stiffness  [K]. 
4.  Assembly  of  the  structure  stifffiess  [K]. 
5.  Solution  for  the  nodal  displacements  [K]-'  (F,  I  and  hence  the  strain 
(c)  = 
f[B]T  gi) 
. 
6.  Determination  of  element  stresses  (a)  =  [D]  (e) 
For  non-linear  analysis,  add: 
7.  Check  for  cracking,  yielding  and  failure. 
8.  Determination  of  unbalanced  nodal  forces. 
9.  Check  for  convergence 
(a).  if  not  converged  apply  the  unbalanced  nodal  forces  again  to  the  structure  and 
go  to  step  3  if  the  stiffhess  is  to  be  updated,  or  to  step  5  if  constant  stifffiess 
solution  is  adopted. 
(b).  if  converged  apply  the  next  load  increment  and  go  to  step  2. 
10.  Stop  when  failure  occurs  or  when  full  loading  has  been  applied. 
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8.1:  Introduction 
The  computational  parameters  affecting  the  final  results  of  a  finite  element  model 
for  reinforced  or  prestressed  concrete  structures  can  be  classified  into  two  groups: 
The  first  contains  material  property  parameters  such  as  tension  stiffening  factor, 
shear  retention  factor,  compressive  and  tensile  strengths,  stress-strain  relationships, 
Young's  modulus  of  concrete  and  yield  strength  of  reinforcement.  The  second 
contains  "numerical"  factors  such  as  the  solution  techniques  used  to  solve  non-linear 
equations,  mesh  size,  number  and  size  of  increments,  maximum  number  of 
iterations  in  each  increment,  convergence  criteria,  the  type  of  element  used  in  the 
analysis,  the  number  of  Gauss  points  per  element  and  other  parameters  such  as 
simulation  of  supports  and  applied  loads. 
The  aim  of  this  chapter  is  to  report  on  some  computational  experiments  conducted 
to  study  the  effects  of  some  of  the  above  parameters  on  the  predicted  behaviour  and 
the  final  failure  load  of  the  beams,  using  the  program  described  in  chapters  6  and  7. 
The  results  will  help  to  gain  a  general  understanding  of  the  program  response  to 
change  of  each  parameter  and  thus  to  choose  a  general  model  which  gives  good 
prediction  of  the  behaviour  of  all  tested  hollow  beams.  The  part  of  the  beam 
between  the  supports  (1800mm)  is  modelled  with  the  effect  of  the  outside  sections 
being  loaded  on  this  internal  segment.  As  there  are  many  variables,  the  computation 
was  confined  to  two  typical  reinforced  concrete  beams,  BTV2  and  BTV4  and  one 
partially  prestressed  beam,  BTVIO  (Table  5.4).  In  Beam  BTV4  the  shear  stress  due 
to  shear  force  is  dominant,  BTVIO  has  the  torsion  stress  dominant  and  BTV2  has 
almost  equal  stresses  due  to  torsion  and  shear.  Also,  in  beams  BTV2  and  BTV4 
bending  is  dominant  while  in  BTVIO  torsion  is  dominant.  The  parameters  were 
varied  one  at  a  time.  The  final  choice  of  parameters  is  that  which  gave  closest  values 
to  the  actual  experimental  results  presented  in  chapter  5.  The  selected  parameter 
values  were  fixed  at  the  optimum  value  and  were  used  in  the  next  stage  of  analysis. 
After  having  chosen  the  most  suitable  set  of  parameters,  a  comparison  between 
experimental  and  computational  results  is  carried  out  in  chapter  9.  The  element  type, 
node  numbers  and  Gauss  points  were  shown  in  figures  7.6-7.  Only  one  element Chapter  8  Parametric  study  on  computational  behaviour  of  hollow  beams 
through  the  plate  thickness  was  used.  The  maximum  number  of  load  increments 
was  fixed  at  30  and  the  maximum  number  of  iterations  in  each  increment  was  fixed 
at  100.  Load  increment  was  10%  for  the  first  five  increments  and  5%  for  the 
remaining  ones.  Concrete  compressive  strength  f,..  was  the  measured  value  for  each 
beam  (Table  5.6),  the  other  values  were  taken  as  follows:  concrete  cylinder 
compressive  strength  0.8f,  N/mm  2,  Young's  modulus  E,,  =  5000J,  '  A 
N/mrn  2  and  Poisson's  ratio  v=0.15.  The  computational  failure  load  was  considered 
to  be  the  load  corresponding  to  the  last  converged  increment.  However,  if  the 
residual  force  for  un-converged  increment  was  very  close  to  that  of  the  allowed 
tolerance  ratio,  the  analysis  was  continued  for  a  few  more  increments.  Only  results 
at  converged  load  increments  were  considered  for  analysis. 
The  effect  of  each  parameter  was  judged  on  the  basis  of  the  following  computed 
responses  when  compared  with  measured  values: 
Load-deflection  response  at  mid-depth  at  mid-span  of  the  front  web. 
Strain  in  the  longitudinal  steel  at  a  selected  point  as  follows: 
BTV2:  420nun  to  the  right  of  mid-span  at  25mm  from  the  bottom  of  the  front  web. 
BTV4:  84mm  to  the  right  of  mid-span  at  25mm  from  the  bottom  of  the  front  web. 
BTV10:  93mm  to  the  right  of  mid-span  at  25mm  from  the  bottom  of  the  front  web. 
4,  Strain  in  the  stirrup  steel  at  a  selected  point  as  follows: 
BTV2:  280  mm  to  the  right  of  mid-span  at  half  depth  of  the  front  web. 
BTV4:  126  mm  to  the  right  of  mid-span  at  half  depth  of  the  front  web. 
BTV  10:  46  mm  to  the  right  of  mid-span  at  half  depth  of  the  front  web. 
"  Failure  load. 
"  Convergence  and  cost  of  analysis. 
8.2:  Material  parameters 
In  this  section,  numerical  parameters  were  fixed  as  follows: 
1.  Non-Linear  solution  algorithm: 
The  stiffhess  matrix  was  calculated  at  the  beginning  of  the  first  increment  and 
unchanged  thereafter  except  if  the  steel  yields  or  concrete  cracks  at  any  point.  The 
change  can  take  place  at  any  iteration  and  any  increment. 
2.  The  element  size  was  84x84mm. 
3.  Convergence  tolerance  was  5%. 
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Five  parameters  were  studied  in  this  part: 
1.  Tension  stiffening  factor. 
II.  Shear  retention  factor. 
III.  Tensile  strength  of  concrete. 
IV.  Value  of  compressive  strain  at  peak  stress. 
V.  Compressive  strength  of  concrete. 
The  analYsis  started  with  the  following  initial  values  and  were  varied  as  explained 
later: 
4P  concrete  tensile  strength  f,  '=054j,  'N1mm'. 
"  shear  retention  factor,  B  'Ocr 
,B=0.4  and  fl.  j.  =  0.0.  'n  ý"flmin 
"  maximum  compressive  strain  Crux  =  0.0035. 
"  compressive  strain  at  peak  stress  e,, 
Ff" 
..  2500 
8.2.1:  Effects  of  tension  stiffening  - 
The  first  parameter  to  be  varied  was  tension  stiffening  factor.  The  descending 
portion  of  the  stress-strain  curve  is  considered  as  a  function  of  the  strain  normal  to 
the  crack  plane  (Ch.  6).  Five  equations  were  studied  (Fig.  6.16)  using  the 
designations  TESN2  to  TESN6  as  follows: 
ecr  ft, 
'n  TESN2 
+ 
"cr)f,  'l  2  TESN3 
n 
a, 
=  (\f)f; 
TESN4 
cr  /2  TESN5  cr  + 
(4  -ocr  )ft'  TESN6 
Results  are  presented  in  figures  8.1  to  8.3  from  which  it  is  clear  that  the  above 
equations  used  for  the  tension  stiffening  gave  similar  results  for  the  displacement 
and  steel  strain  with  TESN6  being  the  closest  to  the  experimental  results  in  most 
cases.  Table  8.1  shows  the  percentage  of  the  residual  (un-balanced)  forces  by  the 
153 Chapter  8  Parametric  studv  on  computational  behaviour  of  hollow  beams 
end  of  each  increment  which  have  been  affected  by  the  change  in  the  tension 
stiffening  values  with  TESN6  being  the  only  equation  which  in  all  cases  attained  the 
largest  number  of  converged  increments. 
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Fig.  8.1:  Effect  of  the  tension  stiffening  on  the  displacement 
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Table  8.1:  Effect  of  tension  stiffening  on  the  residual  forces 
Beam  TE'N2  I  I-hiNJ  I  ThiN4  I  TESN5  UESN6 
=  70-Ater.  %  iU.  INo.  iter.  %  FLY.  INo.  iter.  %  FLY.  No.  iter.  %  Rk  I.  oAter.  %  F-F. 
U'  T-  -1  0.1  110.1  1  0.1--  1  o.  1  -97- 
-=  -1  0.1  11  -U.  T-  -U.  =  -U.  T- 
-T-T-  -1  0.1  1  o.  II=. 
0.4  81  -7-56-  -T-  -77-  -T-1  1.9 
-=  _7  =.  70  4.7  74  4.9  25  4.3  20 
35  3.9  4.8  =.  -33- 
70.56-79-  *****  40 
9. 
-T7-  -77- 
4.7 
0.7  4.9  44  4.9  71 
0.75  42  78 
MY-  -TT-  --ww-fvv-  -= 
BTV2 
Beam  I  ThiN2  I  ThiNJ  I  lhiN4  I-  TESN5  TESN6- 
L.  F.  Noater  %  F-F.  INo.  iter  %  F-t.  lNoater  u/o  ILF.  No.  iterl%  Kk  Noater  %  F-F. 
-u7-  -T  0.1  1  0.1  1  0.1  1  U.  II-  --Tr- 
-r--  -U.  7-  -10.1  11 
-rUU-  -9.7-  -TT-  --3-.  U-  -7-  -7-4- 
-MT-  80  5.0  -=  4.9 
-0.5  1  DO  -,  go  4.9  58  ý.  o  3  4.9 
-T3T  82  5.0  '--U-  --3.  o  --47- 
-T'6-  100  12.9  -77-  -37--  -77- 
93  5.0  --3T-  6.1 
0.  --TUT- 
0.75  100  1  10.9  1  80 
(b):  BTV4 
Beam  TE'N2  TE  N3  ThiN4  Thý;  N)  I  ESN6 
L.  F.  lNoater.  Yo  KAý.  INo.  iter.  O/o  FU.  INo-iter.  u/o  ILF.  NoAter.  u/o  FLE  No-iter.  u/o  R.  F. 
0.1  1  0.1  1  0.1  1  0.1  -T-  -07- 
0.2  1  --r  0.1  1  0.1--  1  --  =.  -=-= 
0.3  11  -U.  T-  1  0.1  1  0.1 
0.4  1  -U.  T  I  0.  =  -T--l-U.  T-- 
0.5  1-  r3-  -T-  --5r-  -T-  -T.  T  1  1.2  1  -Ty- 
3.1  2.7 
UT-  --T--  -12.9 
1  2.5 
1  4.4  4.0 
Tu- 
0.75  45.7 
(c):  BTV  10 
****  =  very  large  number 
%RF  =%  of  residual  force 
Table  8.2  shows  a  significant  effect  of  the  tension  stiffening  on  the  failure  load  in  all 
cases,  again,  with  TESN6  being  closest  to  the  failure  load  in  all  cases.  From  the 
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above  it  is  possible  to  say  that  equation  TESN6  has  shown  the  best  performance 
among  this  group  and,  therefore,  selected  for  the  next  stage  of  analysis. 
Table  8.2:  Effect  of  tension  stiffening  on  the  failure  load 
deam  TESN2  I  ESN3  TESN4  TJBSN5  I  tSN6  EXP 
131  V2  0.6  -T77-  -T= 
13  FV4  0.55  0.7 
HTVIO  0.65  U.  7-  --U.  T3-  ---g.  T-  -T.  = 
8.2.2:  Effects  of  the  shear  retention  factor 
Having  fixed  the  tension  stiffening  factor  as  defined  by  TESN6,  the  next  stage  was 
to  vary  the  shear  retention  factor  8  which  was  taken  as  a  function  of  the  tensile 
strain  normal  to  the  crack  (Ch.  6)  as  follows: 
,6=B 
'ecr 
6n 
Where  ecr  is  the  tensile  crack  strain;  -6n  is  a  fictitious  strain  normal  to  the  crack 
plane  and  B  and  Bmin  are  numerical  constants  (Fig.  6.17e).  Six  pairs  of  values  for 
these  two  constants  were  studied  as  designated  below: 
B=  0.1 
'8.  i.  =  0.0  SRIO 
B=  0.1  fl. 
j.  =  0.05  SR15 
B=  0.4 
16min  =  0.0  SR40 
B=  0.4 
i6min  =  0.05  SR45 
B=0.6  flmin" 
-0 
SR60  '=  0 
B=  0.6  Pmin  =  0.05  SR65 
Figure  8.4  shows  that  change  in  shear  retention  factor  had  some  effect  on  the 
deflection  behaviour  of  the  beams  specially  beam  BTVIO  with  SR45  being  the 
closest  to  the  experiment.  Figures  8.5-6  indicate  that  the  shear  retention  had 
insignificant  effect  on  the  longitudinal  steel  strains  but  some  effect  on  the  transverse 
steel  strain  in  beam  BTVIO.  Table  8.3  shows  that  SR45  was  the  only  combination 
which  in  all  cases  managed  to  attain  the  largest  converged  number  of  increments. 
This  is  reflected  in  table  8.4  which  shows  that,  in  all  cases,  SR45  gave  the  closest 
failure  load  to  the  experiment.  In  general,  it  can  be  seen  that  beams  with  fimin  =  0.05 
gave  less  residual  forces,  required  less  number  of  iterations  to  converge  and  gave 
higher  failure  load  than  those  with  j6min  --0.0. 
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From  the  above  discussion,  the  shear  retention  factor  parameters  (B=  0.4  and 
fl. 
in  =  0.05)  used  in  SR45  was  adopted  for  next  stage  of  the  analysis. 
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Table  8.3:  Effect  of  the  shear  retention  on  the  residual  forces 
BTV2 
(b): BTV4 
BTVIO 
Table  8.4:  Effect  of  the  shear  retention  on  the  failure  load 
Beam  SKIU  SR15  SK40  SR45  SK6u  SR65  EXF 
BTV2  U.  65  -OT5-  ---g.  75-  --U.  75-  -70.7-  --075-  -r2r- 
BTV4  0.75-  ---rUr- 
B'IVIO  0.65  ---rr- 
8.2.3:  Effects  of  tensile  strength  of  concrete 
Using  TESN6  and  SR45  as  tension  stiffening  and  shear  retention  factors 
respectively,  the  next  parameter  investigated  was  the  tensile  strength  of  concrete. 
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Two  empirical  equations  for  uni-axial  tensile  strength  of  concrete  were  tried  (Fig. 
NI  2  N/MM2.  6.11)  namely  ft  =  054Ffc  min  and  ft  =4r  -  fc 
ft  =  054Ffc 
N/mM2  used  in  FT  I 
=A 
F2- 
N/mm 
2 
used  in  FT2  ft  ýA 
From  figures  8.7-9  it  is  obvious  that  FTI  gave  displacement  and  steel  strain  values 
slightly  closer  to  the  experiment  than  FT2.  Beam  FT2  cracked  at  lower  load  levels 
than  FT  I  as  shown  in  these  figures  and  in  table  8.5.  This  table  also  shows  that  FT  I 
has  shown  better  convergence  values  and  larger  number  of  converged  increments. 
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Table  8.5:  Effect  of  concrete  tensile  strength  on  the  residual  forces 
Beam  Fy  IF21 
L.  F  No.  itFF  O/oK.  F.  Noater.  1 
-U.  1-  -TT-  1  0.1 
0.3  9  4.4  24  Tg- 
0.4  26 
-  M.  -7  1  4.9  36  4. 
=  -=  -47-  73  4.  b 
0.6  23  =.  U-  -7T- 
0.65  21  5.0  100  1  JJ 
-75  5.0 
4  0.8 
15 
a-  1 
0.85  1  rUU-  -=  i 
-i 
(b):  BTV4  (b):  BTV4 
Beam  Y-1-1  F2 
L.  F  No.  iter.  %R.  F.  Noater.  %R.  F. 
-TT-  --T--  --  =.  --r- 
-T-  --Tr-  ---r--  -U.  T-- 
---  T--  -(Tr-  ---T-  -  =. 
-TX-l  1  0.1  -,,  -r-  --2.4 
0.5  1  2.5  1  4.7 
=-T-  2.7  100  10.1 
-T6-  --r--  ---T.  -6-- 
=--T--T6- 
II  97--T----Tr  Id 
0.1.  )  luu 
BTVIO 
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Table  8.6  shows  that  FT  I  has  resisted  more  load  than  FT2. 
From  this  discussion  it  is  clear  that  the  tensile  strength  of  concrete  had  significant 
effect  on  the  ultimate  load  carrying  capacity  and  some  effect  on  the  displacement 
and  the  steel  strain. 
Since  beam  FTI  behaved  closer  to  the  experiments,  it  was  considered  for  next  stage 
of  the  analysis. 
Table  8.6:  Effect  of  concrete  tensile  strength  on  the  failure  load 
-  Beam  Vy  1  H2  hXP 
-STV7-  -9.35-  -T= 
-13TV4-  --T.  -6-  -T.  Ur- 
13TVTG-  --7.7-  -7.7-  --rT- 
8.2.4:  Effects  of  the  value  of  maximum  compressive  strain 
Having  fixed  the  tension  stiffening  factor  as  TESN6,  the  shear  retention  factor  as 
2 
SR45  and  the  tensile  strength  as  ft  =  0.54Vfc  N/mm  ,  the  next  step  was  to  examine 
the  effect  of  maximum  compressive  strain.  In  the  previous  computational 
experiments,  the  strain  at  peak  stress  was  taken  as  a  function  of  the  concrete 
compressive  strength  and  the  maximum  strain  at  failure  was  2500 
considered  as  a  constant  value  (c., 
X= 
0.0035).  In  this  section  the  effect  of  having 
both  strains  made  equal  to  the  strain  at  peak  stress  (em.  =  e,,, 
Ff" 
)  was  2500 
investigated.  This  means  that  there  was  no  softening  in  the  stress-strain  curve.  The 
two  values  coincide  when  76.6  N/mm2,  a  value  well  beyond  the  cylinder 
strength  of  beams  tested  in  this  work. 
emax  0.0035  and  ece  -  used  in  EMAXI 
2500 
em.  -CCC  - 
FfC, 
-  used  in  EMAX2 
2500 
Although  the  value  for  C..  in  EMAXI  was  about  44%  higher  than  that  of 
EMAX2,  both  beams  followed  almost  the  same  path  for  displacement  and  steel 
strains  with  EMAXI  being  slightly  closer  to  experiment  in  some  cases  (Figs.  8.10- 
12).  Table  8.7  shows  that  EMAXI  has  performed  better  than  EMAX2  (less  residual 
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forces  and  better  convergence).  Table  8.8  indicates  that  beam  EMAX2  failed  earlier 
than  beam  EMAX  I. 
From  the  above  it  is  clear  that  the  CM.  has  some  effect  on  the  beam  behaviour  and 
ultimate  failure  load.  Since  the  equations  used  in  beam  EMAX1  gave  closer  results 
to  the  experiments  it  was  decided  to  use  a  separate  equations  for  e..  and  c,,  as  in 
this  beam  for  the  next  stage  of  analysis. 
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Table  8.7:  Effect  of  the  value  of  the  compressive  strain  at  peak  stress  on  the  residual  forces 
BTV2 
.  INO 
Beam  hI  EMAX2 
-=  No.  iter.  %F-F.  Noater.  %K.  F. 
VT-  --r--  -U.  T-  -T  0.1 
-7-4-  --T--  -77- 
0.4  26  TV- 
41  4.9  41  4.7-. 
-=  =  4.9 
0.6  25  -73-  --25  -3-0- 
5.0  2  -T  0.65  21  1  U- 
0.7  75 
--47-  -= 
45  5.0 
IUU  14.0 
(b):  B-104 
Table  8.8:  Effect  of  the  value  of  the  compressive 
strain  at  peak  stress  on  the  failure  load 
Beam  EMAX  EMAX2  EXP 
-=2  U.  73 
BTVZ--  -T7.6-- 
--UVTU-  --77-  -D.  -6T-  --T7- 
8.2.5:  Effects  of  concrete  compressive  strength 
After  having  fixed:  Tension  stiffening  =  TESN6,  shear  retention  =  SR45,  tensile 
strength  of  concrete  =  FTI  and  compressive  strain  as  in  EMAXI,  the  next  stage  was 
to  investigate  the  effect  of  the  concrete  compressive  strength  The  effect  of  25% 
increase  in  the  actual  concrete  compressive  strength  was  tried.  This  was  helpful  to 
see  how  accurate  one  can  be  in  taking  the  average  of  cube  strength  results  for  each 
beam  and  in  a  way  this  was  an  indication  of  sensitivity  of  results  to  cube  strength. 
Two  values  for  f,  '  were  examined  for  each  beam  designated  as: 
as  measured 
f.  '=  125f,  N/mm  2 
used  in  beam  COMIP  1 
used  in  beam  COMIP2 
It  is  worth  mentioning  that  a  25%  change  in  compressive  strength  of  concrete  in 
beam  COMP2  led  to  about  12%  changes  in  compressive  strain  at  peak  stress, 
Young's  modulus  and  tensile  strength  of  concrete  due  to  the  following  relations: 
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2500 
E,  =  500OFf,  N/MM2 
f,  '  =054  Ff,  '  N/mm 
2 
From  figures  8.13-15  it  is  clear  that  both  beams  have  given  very  similar  results  for 
displacements  and  steel  strains.  Tables  8.9-10  show  that  the  two  beams  behaved  in  a 
similar  fashion  except  that  in  beam  BTV4,  CON92  failed  at  a  load  of  5%  larger 
than  CONT  1. 
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Fig.  8.13:  Effect  of  the  concrete  compressive  strength  on  the  displacement 
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Table  8.9:  Effect  of  the  concrete  compressive  strength  on  the  residual  forces 
0. 
Table  8.10:  Effect  of  the  concrete  compressive 
strength  on  the  failure  load 
Beam  W45  COMP  EXP 
V2  0.75- 
HTV4-  ---U.  T-  ---UYS- 
--BT=  ---07-  -77-  --T.  T-- 
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From  the  above  it  is  possible  to  state  that  the  concrete  compressive  strength  (in  the 
range  considered)  had  very  little  effect  on  the  displacement  and  steel  strain  but  some 
effect  on  the  ultimate  load  carrying  capacity  and  the  convergence  values.  In  other 
words,  some  differences  in  concrete  strength  from  the  actual  values  will  not  cause 
large  changes  in  the  beam  behaviour  or  ultimate  load.  This  was  perhaps  an 
indication  that  the  failures  were  all  ductile  and  governed  by  steel  yield.  Therefore, 
the  analysis  was  continued  using  the  laboratory  cube  tests 
8.3:  Numerical  parameters 
As  a  result  of  the  analysis  in  section  8.2,  the  following  material  parameters  were 
selected  and  kept  fixed: 
1.  Concrete  compressive  strength:  as  measured. 
2.  Tension  stiffening:  a,  = 
3.  Shear  retention  parameters:  B  0.4  0.05. 
4.  Tensile  strength  of  concrete: 
ft  =  0.54Ffc  N/mm2. 
5.  Maximum  compressive  strain,  cracking  strain  and  Young's  modulus:  -6inax 
J_" 
/mM2  0.0035,  r,  ý,  --  ý-  and  E,  =  5000j,  "  N  respectively. 
500 500 
Three  numerical  parameters  were  studied  in  this  part  of  analysis: 
I.  Non-linear  solution  algorithm. 
II.  Mesh  size. 
III.  Size  of  convergence  tolerance. 
Initially  all  beams  were  tested  for  84x84mm  mesh  size  and  convergence  tolerance  of 
5%. 
8.3.1:  Effects  of  non-linear  solution  algorithm 
The  mixed  incremental-iterative  procedure  (Ch.  7)  was  adopted  in  this  study.  In  this 
procedure,  the  load  is  applied  in  increments  and  the  solution  is  obtained  iteratively 
until  equilibrium  is  achieved  in  each  increment  to  an  acceptable  level  of  accuracy. 
The  stiffhess  matrix  was  updated  at  various  values  of  iteration  and/or  increment. 
Five  different  methods  of  updating  the  stiffness  matrix  were  examined  at  this  stage. 
The  equilibrium  conditions  were  checked  by  evaluating  the  residual  force  norms. 
The  methods  of  updating  the  stiffness  matrix were: 
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1.  Stiffness  matrix  was  computed  at  the  beginning  of  the  first  increment  and 
unchanged  thereafter  except  if  the  steel  yielded  or  concrete  cracked  at  any  point. 
This  method  was  used  in  beam  NALGO  I. 
2.  Stiffness  matrix  was  re-computed  for  each  iteration  in  each  increment.  This  was 
applied  in  beam  NALG02. 
3.  Stiffness  matrix  was  computed  for  the  first  iteration  of  each  increment.  This  was 
introduced  in  beam  NALG03. 
4.  Stiffness  matrix  was  calculated  for  the  first  iteration  of  the  first  increment  and 
then  for  the  second  iteration  of  each  of  the  following  increments.  This  was  tested 
in  beam  NALG04. 
5.  Stiffness  matrix  was  calculated  for  the  first  iteration  of  the  first  increment  and  for 
iteration  numbers  2,5,10,20,25,30  ......  etc.,  of  any  increment.  This  was  explored  in 
beam  NALG05. 
Figures  8.16-18  show  that  all  beams-  have  followed  almost  the  same  path  for 
displacement  and  steel  strain.  However,  by  examining  tables  8.11  it  is  clear  that 
beam  NALG02  was  the  best  in  achieving  convergence.  The  second  best  was 
NALG05.  Table  8.12  shows  the  failure  loads  which  indicate  that  beams  NALG02 
and  NALG05  were  the  closest  to  the  test  failure  loads.  No  major  cost  differences 
between  NALG02  and  NALG05  were  encountered,  as  both  beams  took  almost 
same  time. 
The  above  analysis  indicate  that  the  solution  algorithm  played  almost  no  role  on  the 
beam  behaviour.  Nevertheless,  it  had  some  effect  on  the  ultimate  load  carrying 
capacity  and  solution  convergence. 
Since  beam  NALG02  has  shown  the  best  numerical  behaviour,  it  was  considered 
for  subsequent  analysis. 
8.3.2:  Effects  of  the  mesh  size 
Having  chosen  the  solution  algorithm  as  NALG02,  the  next  step  was  to  study  the 
effect  of  the  mesh  size.  Two  element  sizes  were  examined  (Fig.  8.19): 
1.84x84  mm.  used  in  MSHI  (22xl2  elements  excluding  the  diaphragms).  This 
mesh  size  was  used  in  all  previous  computational  experiments 
2.126xl26  mm.  used  in  MSH2  (14x8  elements  excluding  the  diaphragms). 
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Table  8.11:  Effect  of  the  solution  algorithm  on  the  residual  forces 
0. 
(a):  BTV2 
0. 
(b):  BTV4 
Beam  NAL  JO  NALUU2  NALU03  NALUU4  NALG05- 
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Table  8.12:  Effect  of  the  solution  algorithm  on  the  failure  load 
These  mesh  sizes  were  suitable  for  the  analysis  of  most  of  the  actual  beams  in  this 
research  because  the  locations  of  strain  gauges  in  these  beams  could  be  easily 
represented  by  Gauss  points  using  these  meshes.  The  mesh  used  in  MSH2  gave  its 
best  results  only  with  algorithm  number  I  (NALGOI)  explained  in  section  8.3.1. 
With  other  algorithms  the  beam  could  carry  up  to  only  60%  of  the  load,  therefore, 
only  the  results  with  this  algorithm  (number  1)  is  compared  with  beam  MSH  L 
Figure  8.20  shows  that  beam  MSH2  has  slightly  closer  displacement  results  to  the 
experiment  than  beam  MSH  I  compared  to  the  experimental  results  of  beams  BTV2 
and  BTV4.  In  the  case  of  beam  BTVIO,  MSH1  was  softer  than  the  experiment  and 
MSH2  was  stiffer.  The  longitudinal  steel  strains  shown  in  figure  8.21  indicate  that 
as  compared  to  the  experimental  results  of  beams  BTV2  and  BTV4  MSH1  showed 
closer  results  to  the  experiments  than  those  of  MSH2.  In  BTVIO,  MSH1  was  more 
flexible  than  the  experiment  and  MSH2  was  stiffer.  In  the  case  of  transverse  steel, 
MSHI  showed  better  results  than  MSHS2  in  all  beams  (Fig.  8.22).  Tables  8.13-14 
show  that  MSH2  has  given  over-stiff  response  to  beam  BTV2  and  under-stiff 
response  for  BTVIO.  For  all  beams  MSH1  has  shown  better  convergence  and  less 
residual  forces. 
It  is  clear  from  this  stage  that  the  mesh  size  has  some  effect  on  the  beam  behaviour 
and  ultimate  load  carrying  capacity.  Since  beam  NISH  I  has  fmer  mesh,  worked  well 
with  all  solution  algorithm  in'all  three  beams  examined  and  was  not  expensive  to 
run,  it  was  used  in  the  analysis  of  all  beams  tested. 
8.3.3:  Effects  of  convergence  tolerance 
Having  chosen  NALG02  and  MSH1  for  solution  algorithm  and  mesh  size 
respectively,  the  next  step  was  to  examine  the  value  of  convergence  tolerance.  The 
acceptable  value  to  judge  convergence  of  a  solution,  is  using  the  ratio  of  the  norm  of 
the  residual  force  to  the  applied  force  (Ch.  7).  This  ratio  was  used  to  monitor  the 
gradual  elimination  of  these  out-of-balance  forces  until  a  desired  level  of  accuracy 
(tolerance)  was  achieved.  As  stated  in  section  8.2  the  tolerance  used  up  to  now  was 
5%.  In  this  section  effect  of  three  more  tolerance  values  were  studied: 
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Table  8.13:  Effect  of  the  mesh  size  on  the  residual  forces 
BTV2.  (b):  BTV4 
BTVIO 
Table  8.14  Effect  of  mesh  size  on  the  failure  load 
Beam  MSHI  MSH2  LXP 
131V2  1.2 
131-V4  0.85 
BI-Vio  0.65  --  =. 
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1.1%  for  all  increments 
2.4%  for  all  increments 
3.5%  for  all  increments 
4.6%  for  all  increments 
used  in  beam  TOL  I. 
used  in  beam  TOL4. 
used  in  beam  TOL5. 
used  in  beam  TOL6 
It  is  obvious  from  figures  8.23-25  that  results  for  load-deflection  and  steel  strain 
were  very  similar  for  the  different  values  of  tolerance.  Tables  8.15  indicate  that 
TOLI  was  more  expensive  to  rim.  Table  8.16  shows  that  TOL4  gave  the  results 
which  were  closest  to  the  experimental  results  for  failure  loads  in  all  beams. 
Generally  speaking,  with  smaller  tolerance,  computational  cost  was  naturally 
increased  and  the  results  of  analysis  were  not  much  different  from  that  of  a 
reasonably  larger  tolerance.  From  the  above  it  can  be  seen  that  a  4%  tolerance  is  a 
suitable  value  for  our  purpose.  Therefore,  a  tolerance  of  4%  was  used  in  the  analysis 
of  all  tested  beams. 
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Fig.  8.23:  Effect  of  the  convergence  tolerance  on  the  displacement 
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8A  Conclusion 
To  get  results  close  to  experimental  results,  one  could  consider  a  separate  parametric 
study  for  each  test.  Since  the  aim  was  to  choose  a  general  model  which  suited  all 
hollow  beams  tested,  some  accuracy  was  sacrificed  and  the  following  parameter 
values  were  selected  and  were  used  for  the  analysis  of  tested  beams  in  chapter  9: 
*  Concrete  cube  compressive  strength:  f.  as  measured  for  each  beam. 
o  Concrete  cylinder  compressive  strength:  f,  "  =  OSf,,,  N/mm2. 
Young's  modulus:  E,  =  500OVf-,,  'N  /MM2. 
Compressive  strain  at  peak  stress:  ece  2500 
Maximum  compressive  strain:  0.0035. 
N/MM2.  Tensile  strength  of  concrete:  ft  -  034Ffc 
at  =  (r  '  N/InM2.  ipf  Tension  stiffening:  t 
9  Shear  retention  numerical  constants:  B=0.4  6.  i.  =  0.05. 
"  Poisson's  ratio:  v=0.15. 
"  The  stiffness  matrix  is  re-computed  for  each  iteration  in  each  increment. 
"  Mesh  size:  84x84mm. 
"  Convergence  tolerance:  4%. 
"  Maximum  number  of  increments:  30. 
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9  Load  increment:  10%  for  the  first  five  increments  and  5%  thereafter. 
*  Maximum  number  of  iterations  per  increment:  100. 
Table  8.15:  Effect  of  the  convergence  tolerance  on  the  residual  forces 
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Table  8.15:  Continued 
Table  8.16:  Effect  of  the  convergence  tolerance  on  the  failure  load 
Beam  TULI  TOLA  YOL5  TOL6  EXF 
BI  V2  1.22 
--BTVT-- 
193 9:  Comparison  between 
experimental  and  computational  results 
of  hollow  beams 
9.1:  Introduction 
In  this  chapter  the  2-D  finite  element  model  finalised  in  chapter  8  was  used  for  the 
non-linear  analysis  of  the  hollow  beams  described  in  chapter  5.  The  experimental 
and  computational  results  were  compared  and  the  validity  of  the  direct  design 
method  was  further  examined.  Values  of  concrete  cube  strength  and  steel  tensile 
strength  used  in  the  analysis  were  those  obtained  from  tests.  All  other  parameters 
used  were  as  recommended  in  the  preceding  chapter.  The  comparison  was  carried 
out  using  the  following  criteria: 
"  Load-displacement  relationship. 
"  Strain  in  longitudinal  steel. 
"  Strain  in  transverse  (links)  steel. 
"  Relative  angle  of  twist. 
"  Failure  load. 
"  Crack  pattern  and  mode  of  failure. 
In  this  chapter,  only  a  few  typical  results  were  shown  in  this  chapter.  However, 
appendix  B  contains  a  complete  set  of  measured  and  computed  values  of  strain  in 
reinforcement. 
9.2:  Comparison  between  experimental  and  computational  results 
9.2.1:  Load-displacement  relationship 
Figure  9.1  shows  the  displacements  at  mid-span  of  the  front  web.  It  is  clear  from 
this  figure  that,  in  general,  an  acceptable  agreement  between  experimental  and 
computational  results  was  achieved  in  most  cases  of  reinforced  and  partially 
prestressed  beams.  However,  in  beams  BTV6  and  BTVIO  the  computed 
displacements  were  slightly  larger  than  the  observed  ones  in  the  last  few  load 
increments. 
9.2.2:  Strain  in  the  longitudinal  steel 
Figures  9.2-3  and  the  related  figures  in  appendix  B  show  that  a  very  good  agreement 
between  the  experimental  and  computational  results  was  obtained  for  longitudinal 
steel  strains  in  the  front  and  back  webs.  However,  in  beams  BTV8  and  BTVIO  the Chapter  9  Comparison  between  experimental  and  computational  results  of  hollow  beams 
computed  strains  were  larger  than  observed.  In  BTV8,  the  average  difference  in  the 
bottom  layer  of  the  front  web  was  26%  and  in  the  back  web  was  28%.  In  BTVIO, 
the  difference  in  the  front  side  was  28%  and  in  the  rear  side  was  23%. 
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9.2.3:  Strain  in  the  transverse  steel 
Figures  9.4-5  and  the  related  figures  in  appendix  B  show  good  agreement  between 
experimental  and  computational  results  in  the  transverse  steel  strain  specially  for  the 
stirrups  in  the  front  web.  However,  in  beams  BTV2  and  BTV6  the  computed  strains 
in  the  front  web  stirrups  were  larger  than  the  observed.  In  BTV2  the  average 
difference  was  19%  and  in  BTV6  the  difference  was  22%. 
In  the  back  web  stirrups  in  beams  BTV3  and  BTV4,  the  observed  strains  were  larger 
than  the  computed  one.  In  BTV3  the  average  difference  was  I  I%  and  in  BTV4  it 
was  7%. 
9.2.4:  Relative  angle  of  twist 
Figure  9.6  shows  experimental  and  computational  relative  angles  of  twist.  The 
method  of  calculating  the  angle  of  twist  and  the  relative  angle  of  twist  was 
explained  in  chapter  4.  It  can  be  seen  that  there  is  a  good  agreement  between 
experimental  and  computational  results. 
9.2.5:  Failure  load 
Table  9.1  shows  the  ratio  of  experimental  to  design  failure  load  L,  /Ldq  the  ratio  of 
computational  to  design  Lc/Ld  failure  load  and  experimental  to  computational  failure 
load  LAc.  In  general,  very  good  agreement  was  attained  in  failure  loads.  In  most 
cases  the  experimental  results  were  slightly  larger  than  the  computed  ones.  The 
mean  experimental  and  computational  failure  loads  were  just  above  the  100%  of 
design  loads. 
9.2.6:  Crack  pattern  and  mode  of  failure 
Figures  9.7-11  show  typical  observed  and  computed  crack  patterns  of  the  tested 
beams.  It  can  be  seen  that  good  agreement  was  achieved  between  the  experimental 
and  computational  results  on  the  crack  orientation  and  concentration  of  cracks  in  the 
regions  where  shear  stresses  are  additive. 
9.3:  Conclusion 
From  the  results  in  this  chapter  it  can  be  said  that  the  prediction  of  the  2-D  finite 
element  model  discussed  in  the  previous  chapters  has  compared  well  with  the 
experimental  results  of  the  hollow  beams  designed  using  the  direct  design  method. 
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Table  9.1:  Experimental/design  and  computational/design  failure  ratios 
Beam  Ttor  /T  4" 
1 
d/Md  Test  Result  Ratios 
-,  No.  Ratio.  Ratio.  LýLd  I  Lc'Ld  I  LýLc 
(7rou-p-T.  Reintorced  concrete  hollow  beams 
BTVI  2.28  0.87 
--  -  - 
1.04 
-  -  -- 
1.05 
---  - 
0.99 
BTV2  .  --FTT-  F4  F  T2  T 
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-  - 
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T-TT 
-  --  BTV4  0.59  -T-56  TOT  Ff  I 
BTV5  4.56  1.75  1.02  1.05  0.97 
BTV6  2.34 
--  -  BTV7 
-  - 
T.  T6 
BTV8  3.51  M7 
Group  B:  Partially  prestressed  hollow  beams 
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Top  flange 
Fig.  9.9b-c:  Crack  development  in  the  top  flange  and  back  web  (BTV6) 
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Fig.  9.9d:  Crack  development  in  the  bottom  flange  (BTV6) 
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Fig.  9.10:  Crack  development  in  the  front  web  (BTV8) 
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Fig.  9.11  b:  Crack  development  in  the  top  flange  (BTV  11) 
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Fig.  9.11  d:  Crack  development  in  the  bottom  flange  (BTV  11) 10:  Design  of  solid  beams 
10.1:  Introduction 
In  this  chapter  a  procedure  for  the  design  of  solid  beams  using  the  Direct  Design 
Method  is  discussed.  The  reason  for  separating  the  solid  beams  from  the  hollow 
ones,  was  to  study  the  effect  of  concrete  core  on  the  strength  and  behaviour  of 
beams.  Different  stress  distributions  combined  with  the  direct  design  procedure 
were  used  to  examine  their  effect  on  the  quantity  of  reinforcement  required.  In  order 
to  ensure  that  the  chosen  stress  distribution  corresponds  reasonably  to  the  actual 
stress  distribution  at  collapse,  a  3-D  non-linear  finite  element  analysis  was  used  to 
study  the  non-linear  behaviour  of  solid  beams. 
10.2:  Back  ground 
The  state  of  stress  which  results  from  applied  torsion,  bending  moment  and  shear 
force  was  explained  in  section  3.7.2  of  chapter  3.  The  terminology  of  the  required 
and  provided  reinforcement  which  was  discussed  in  section  5.4  of  chapter  5  for 
hollow  beams  applies  to  solid  beams  as  well.  Figure  10.1  a  shows  the  sections  of  the 
beam  where  the  shear  stresses  are  added  and  that  where  the  shear  stresses  are 
subtracted.  The  steel  in  the  600mm  region  to  the  right  of  the  mid-span  (Fig.  10.1b) 
was  strain  gauged  in  both  front  and  rear  sides.  In  this  region  the  shear  stresses  are 
added  in  the  front  side  and  subtracted  in  the  rear  side  as  can  be  seen  in  figure  10.1  c. 
In  the  hollow  beams  and  solid  beam  BTV12  (which  will  be  discussed  later)  the 
largest  required  reinforcement  was  provided  for  the  whole  cross-section  in  the 
whole  test  span.  The  term  'largest'  corresponds  to  the  mid-span  section  and  to  the 
location  where  the  shear  stresses  are  added.  Providing  the  largest  reinforcement,  of 
course,  leads  to  some  sections  being  over  designed. 
10.2.1:  Pilot  test  beam 
Solid  beam  BTV12  was  designed  to  resist  a  combined  load  consisting  of  13kNm 
torsion,  50.9kNm  bending  moment  and  6lkN  shear  force.  This  load  combination 
was  the  same  as  that  used  for  the  design  of  hollow  beam  BTV3.  In  the  design,  for 
bending  moment  and  shear  force,  elastic  stress  distribution  in  a  solid  section  was 
used.  However,  shear  stress  due  to  torsion  was  calculated  as  for  a  hollow  section. 
The  reason  for  modelling  the  beam  as  a  hollow  one  for  torsion  is  because  most  of Chapter  10  Design  of  solid  beams 
the  torsional  resistance  comes  from  the  shear  stress  at  the  periphery  of  the  cross- 
section. 
Shear  stresses  added 
(b) 
+ve 
Tshr 
(C) 
Back 
Front 
-ve 
+ve  -ve 
+ve 
Ttor 
Shear  stresses  subtracted 
Front  Back 
-ve 
ve 
T 
Fig.  10.1:  (a):  Regions  of  addition  and  subtraction  of  shear  stresses,  (b):  Location  of  strain  gauged 
reinforcement  and  (c):  Shear  stress  sign  convention 
215 
Shear  stresses  subtracted  Shear  stresses  added Chapter  10  Design  of  solid  beams 
The  design  procedure  was  as  follows: 
b=300mm 
li/2 
NA 
V 
en 
Front  liall'  Back  half 
%Ni  dt  h  \%idth 
(a)  (b) 
Fig.  10.2:  (a):  Regions  in  the  cross-section  and  (b):  Dimensions 
The  bearn  section  was  divided  into  50x5Omm  regions  as  in  figure  10.2a  and  the 
stresses  were  calculated  for  each  region  separately.  The  nomial  stress  (7,  at  any  point 
of  the  beam  section  is  given  by  equation  10.1  and  the  shear  stress  'Cshr  due  to  shear 
force  is  calculated  using  equation  10.2.  Equation  10.3  is  used  for  the  torsional  shear 
stress  Ttor* 
GX=  MY/I  10.1 
Tshr=  VQ/(bl  10.2 
Ttor  =  T/(2tA,,  )  10.3 
where: 
M,  T  and  V=  bending  moment,  torsion  and  shear  force  respectively. 
y  the  distance  from  the  neutral  axis  to  the  centroid  of  each  region  (Fig.  10.2b). 
I  Moment  of  inertia  for  the  whole  solid  section  (bh  3  /12). 
fj,  dA 
. 
The  statical  moment  of  area  about  the  neutral  axis  of  the  area  above  the 
area 
section  where  the  shear  stress  is  required. 
b=  breadth  of  the  cross  section. 
h=  the  height  (depth)  of  the  whole  section. 
t=  the  thickness  in  which  the  torsional  shear  stress  is  circulating. 
AO  =  The  area  enclosed  by  the  centre  line  of  the  hollow  section. 
The  normal  stress  and  the  shear  stress  due  to  shear  force  from  equations  10.1  and 
10.2  are  uniformly  distributed  across  the  beam  width  and  varying  through  the 
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Design  of  solid  beams 
depth.  The  shear  stress  due  to  torsion  is  assumed  to  be  circulating  in  the  outer  50mm 
periphery.  The  net  shear  stress  is  the  algebraic  sum  of  the  shear  stress  due  to  torsion 
and  the  shear  stress  due  to  shear  force. 
As  an  alternative,  the  beam  was  also  designed  as  a  hollow  beam  with  elastic  stress 
distribution  as  described  in  chapter  5.  The  effect  of  the  core  was  thus  totally 
ignored.  In  calculating  the  steel  areas,  steel  yield  stress  through  out  this  chapter  was 
2 
arbitrarily  taken  as  50ON/mm  . 
Table  10.1  shows  that  the  required  reinforcement  in  the  case  of  modelling  the  beam 
as  being  hollow  and  also  as  solid.  In  this  table,  cr.  is  positive  when  tensile  while  rh,. 
and  -rr  are  as  shown  in  figure  10.1c.  The  A,,  and  A,  are  the  required  reinforcement 
for  each  region  in  the  longitudinal  X  and  transverse  Y  or  Z  directions  respectively. 
It  is  clear  that  in  the  top  and  bottom  strips  of  the  beam,  A.  and  At  are  constant  over 
the  whole  width.  However,  in  the  regions  between  these  strips,  each  cell  requires 
different  area  of  Ax  and  At.  For  each  half  of  the  beam  width  between  the  top  and 
bottom  strips,  the  stirrup  leg  area  shown  is  the  summation  of  all  areas  in  the  cells  at 
that  level.  This  results  in  four  stirrup  leg  areas  for  each  half,  the  largest  leg  area 
among  the  areas  in  the  front  half  where  the  stresses  are  added  is  called  Af  while  Sy 
A'  is  the  one  opposite  to  Af  at  the  same  level  in  the  rear  half.  In  the  case  of  AY  SY 
longitudinal  reinforcement,  AL  is  the  summation  of  steel  areas  for  all  the  cells  in 
the  front  half  of  the  beam  width,  including  the  top  and  bottom  strips  and  A,,,  is  the 
corresponding  value  in  the  rear  half. 
Table  10.1  shows  that  when  solid  beam  is  modelled  as  a  hollow  beam  it  requires 
slightly  less  reinforcement  in  both  longitudinal  and  transverse  directions  than  when 
the  beam  is  designed  as  a  solid  one.  This  suggests  that  including  the  core  does  not 
reduce  the  required  steel  area.  The  reason  for  this  unexpected  result  is  not  clear  at 
this  stage.  However,  in  order  to  experimentally  investigate  the  effect  of  the 
200x2OOmrn  concrete  core  on  the  strength  and  behaviour  of  the  beam  and  to  have 
test  data  for  future  analysis,  beam  BTV12  was  designed  as  a  hollow  section  but 
constructed  as  solid. 
Although  Aý  was  the  largest  longitudinal  steel  required  in  one  half  of  the  beam,  the 
SX 
same  steel  area  was  provided  in  the  other  half  as  well.  Also  the  largest  transverse 
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steel  Af  was  used  for  the  whole  cross-section.  These  areas  were  provided  in  the 
SY 
whole  1.2m  test  span.  Outside  the  test-span,  more  reinforcement  was  provided  to 
ensure  failure  in  the  test-span. 
The  concrete  cube  compressive  strength  was  50N/MM2  and  the  average  yield  stress 
for  longitudinal  steel  was  500N/mrn2  and  for  the  transverse  steel  was  530N/mm  2 
The  steel  arrangement  was  as  shown  figure  10.3. 
2 
Test  span 
-LL  -- 
liý  --I---i,  -0 
XA  -I-  I 
1  zu"..  -wý  110"A  vu  MZU  %,  1%,  11 
1300  mm  1200  mm  1300  mm 
3800  mm 
: )-  -0  ---  0--C  ------ 
4Y8  D  ---------  ------ 
2Y8 
----------  C  ------ 
2YI0  or  ---------  ------ 
2YI0 
-a  ---  a--a  ------ 
4YI2  0-0  ---  a--&  ------ 
4YI2 
Section  1-1  Section  2-2 
Fig.  10.3:  Reinforcement  arrangement  for  beam  BTV  12 
The  test  result  presented  in  table  10.2  shows  that  beam  BTV12  resisted  about  85% 
more  load  than  the  design  load  or  46%  more  than  the  corresponding  hollow  beam 
BTV3.  A  non-linear  analysis  using  the  2-D  program  developed  for  the  hollow 
beams  and  a  new  3-D  one  (discussed  later)  revealed  that  the  former  under  estimates 
the  strength  of  the  solid  beams  while  the  latter  naturally  predicts  load  closer  to  the 
experiment  (Fig.  10.4).  These  results  raise  the  question  why  does  a  solid  beam  resist 
more  load  than  a  hollow  one  with  same  reinforcement?.  To  answer  this  question  the 
following  theoretical  investigation  was  under  taken,  particularly  to  see  whether  a 
more  reasonable  stress  distribution  can  be  used  for  designing  the  steel. 
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Table  10.2:  Ratios  of  experimental  to  design  and  computed  to  design  failure  load 
Beam  -EXP/DS(jN  COMPUT/DS(jN 
No.  -  LAd  2-D 
---  - 
3-D 
H  Fvj  -7.26 
, 
Ff 
-- 
- 
-  -NTV-12- 
I 
r25  1.6T 
1 
BTV12 
Longitudinal  steel 
FLI  I 
2D 
-.  (3.  -  3D 
O.  B.  - 
0.6  EXP. 
0.4 
0.2 
0 
-0.20  123456 
6  is  y 
BTV12 
Transverse  steel 
FS4 
2JD 
3D 
1.2 
LC  1  3D 
0.8  ............................. 
0.6 
EXP 
0.4 
0.2 
-0.1  0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8 
Fig.  10A  Comparison  between  observed  and  computed  2d  and  3D  results 
10.3:  3-D  finite  element  program 
The  3-D  finite  element  program  used  for  non-linear  analysis  of  this  computational 
study  was  developed  by  El-Nounu  1985  using  Kotsovs'  concrete  model.  This  model 
was  based  on  experimental  data  obtained  at  Imperial  College  London  from  tests  on 
the  behaviour  of  concrete  under  complex  stress  states  [Kotsovos  and  Newman 
(1979)  and  Kotsovos  (1979)].  The  testing  techniques  used  to  obtain  this  data  were 
validated  by  comparing  them  with  those  obtained  in  an  international  co-operative 
programme  of  research  into  the  effect  of  different  test  methods  on  the  behaviour 
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of  concrete.  This  model  is  capable  of  describing  the  behaviour  of  concrete  under 
uniaxial,  biaxial  and  triaxial  stress  conditions.  It  requires  only  the  concrete  cube 
compressive  strength  f,,,  to  define  the  behaviour  of  concrete  under  different  stress 
states.  More  information  about  this  model  is  given  in  Kotsovos  M.  D.  and  Pavlovic' 
M.  N.  (1995).  In  the  3-D  program  a  twenty  node  iso-parametric  solid  element  with 
twenty  seven  Gauss  points  was  used.  The  concrete  cylinder  compressive  strength 
is  taken  as  4,  =0.8f,.  N/mM2,  the  Young's  modulus  E,  =  5000j,  '  N/mm.  2,  the  split 
cylinder  tensile  strength  f,  0.54Ff,  N/mrn  2  and  the  Poisson's  ratio  is  set  at  a 
constant  value  of  0.15.  Before  cracking  or  crushing,  the  concrete  behaviour  is 
assumed  to  be  non-linear  elastic  isotropic.  After  cracking,  smeared  crack  approach 
with  simple  tension  stiffening  and  shear  retention  equations  are  employed  to 
represent  the  post  cracking  behaviour  of  concrete  (Fig.  10.5).  The  stress-strain 
relationship  in  tension  was  assumed  to  be  linear  up  to  f'  and  immediately  after 
cracking  the  tensile  stress  f  is  reduced  to  0.8f'.  Thereafter,  f  decreases  linearly 
with  strain  and  is  zero  at  the  maximum  strain  of  0.003  which  roughly  corresponds  to 
yield  strain  of  steel  of  0.0025.  Transfer  of  shear  stresses  across  cracks  is  modelled 
by  means  of  the  'shear  retention!  factor  0  which  defines  the  shear  modulus  of 
cracked  concrete  as  PG,  where  G  is  the  elastic  shear  modulus  of  the  un-cracked 
concrete.  The  shear  retention  factor  P=0.25c,,  /en,  where  e,  =  cracking  strain 
L"-) 
and  cý  =  average  of  the  three  principal  strains  at  any  cracked  point  E, 
91  +  52  +63 
).  In  the  case  of  concrete  crushing,  complete  loss  of  strength  is 
3 
assumed  i.  e.  no  compression  softening  is  allowed  for.  The  reinforcement  is 
modelled  as  one  dimensional  element  embedded  in  the  solid  concrete  elements. 
Elasto-plastic  stress-strain  behaviour  with  or  without  strain  hardening  can  be 
allowed  for  (model  without  strain  hardening  was  only  used  in  this  research).  Only 
uniaxial  resistance  is  considered  with  no  provision  for  kinking  or  dowel  action. 
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Tension  stiffening  I  Shear  retention 
1 
0.8  1.0 
0.4 
00 
0.2 
0  0.002 
Strain 
Fig.  10.5:  Tension  stiffening  and  shear  retention  curves 
10A  Theoretical  investigation 
In  this  section  the  results  of  the  use  of  3-D  finite  element  program  to  study  the  stress 
distribution  due  to  different  load  combinations,  load  levels  and  ratios  of  torsion  to 
bending  moment  T/M  and  shear  force  to  bending  moment  V/M  is  presented.  The 
material  properties  and  steel  area  used  are  as  for  beam  BTV12  and  are  kept  fixed 
throughout  the  analysis.  In  order  to  have  a  complete  control  on  the  applied  loads,  the 
self  weight  of  the  beam  and  torsional  arms  was  ignored.  The  beam  cross  section  was 
modelled  as  four  l50xl5Ox  I  50mm.  elements.  The  convergence  tolerance  based  on  the 
ratio  of  residual  forces  to  applied  load  was  5.0%,  the  number  of  increments  was  50 
and  the  maximum  number  of  iterations  in  each  increment  was  200.  All  other 
parameters  were  calculated  as  explained  in  section  10.3.  Load  increment  of  10%  of 
the  design  load  was  applied  for  the  first  two  increments  and  then  the  load  was 
increased  by  5%  for  each  increment  until  failure.  The  stresses  in  the  cross-section  at 
l7mm  to  the  right  of  mid-span  were  analysed.  In  each  vertical  strip,  stresses  at  six 
Gauss  points  were  calculated.  The  Gauss  points  used  in  the  analysis  are  shown  in 
figure  10.6.  The  stress  distribution  at  the  last  converged  increment  was  used  for  the 
analysis. 
Ront  half  Rear  half 
136-.  -m  xI 
ýO-mm 
Top  A  "  "  0  "  "  " 
"  "  0  "  0  " 
"  "  "  "  "  " 
"  "  '.  0  "  " 
"  "  S  S  "  " 
"  "  "  S  S  " 
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Fig.  10.6:  Gauss  points 
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10.4.1:  Effect  of  load  combination 
Load  values  of  T=13kNm,  M=5lkNm  and  V=60kN  were  imposed  in  five  load 
combinations  as  follows.  In  each  case  only  proportional  loading  was  used. 
1.  Pure  bending:  Figure  10.7  shows  the  noimal  compressive  stress  distribution  in 
the  case  of  pure  bending.  Compressive  stress  in  concrete  exists  in  the  top  27% 
(80000  mm)  of  the  beam. 
2.  Bending  moment  and  shear  force:  Figure  10.8  shows  the  normal  and  shear 
stresses  in  the  beam  when  subjected  to  combined  loading  of  bending  moment  and 
shear  force.  The  normal  compressive  stress  is  still  concentrated  in  the  top  27%  of 
the  cross  section  while  the  shear  stress  exists  in  the  top  45%  of  the  cross  section. 
Very  little  shear  stress  exists  in  the  cracked  zones. 
3.  Pure  Torsion:  The  shear  stress  distribution  for  reinforced  concrete  solid  beams 
in  the  case  of  pure  torsion  is  shown  in  figures  10.9.  It  is  clear  that  most  of  the 
shear  stress  due  to  pure  torsion  circulates  in  the  outer  shell  as  expected  with 
minimal  stress  in  the  core.  Quantitatively,  the  outer  22%  (33  mm)  shell  of  the 
cross  section  resists  about  90%  of  the  total  torsion. 
4.  Torsion  and  bending  moment:  The  normal  and  shear  stresses  for  the  combined 
load  of  torsion  and  bending  moment  is  presented  in  figures  10.10.  These  figures 
show  that  compressive  normal  stress  is  still  in  the  top  27%  of  the  cross  section 
and  the  shear  stress  is  still  concentrated  in  the  outer  22%  shell.  However,  a 
change  in  behaviour  is  visible  in  the  distribution  of  compressive  stress  where  the 
outer  shell  is  having  a  lower  neutral  axis  than  the  inner  part. 
5.  Torsion,  bending  moment  and  shear  force:  Figures  10.11  show  the  normal  and 
shear  stress  distributions  for  this  load  combination.  The  normal  stress  distribution 
is  similar  to  that  for  torsion  and  bending  moment  alone  except  for  the  presence  of 
a  large  stress  variation  across  the  beam  width.  As  is  to  be  expected  more  shear 
stress  exists  at  the  section  where  the  shear  stresses  due  to  torsion  and  shear  force 
are  added  than  that  where  the  stresses  are  subtracted.  Contribution  of  the  core  in 
resisting  the  shear  stress  is  quit  evident. 
From  the  above  discussion  it  is  possible  to  say  that  the  normal  stress  and  the  shear 
stress  due  to  shear  force  are  partly  resisted  by  the  core.  The  shear  stress  due  to 
torsion  is  resisted  by  the  outer  shell.  The  presence  of  normal  compressive  stress  in 
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Fig.  10.7:  Normal  stress  distribution  in  the  case  of  pure  bending  moment 
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the  core  allows  it  to  resist  some  shear  stress  by  reducing  the  principal  tensile  stress. 
On  the  other  hand,  the  concentration  of  shear  stress  in  the  region  where  they  are 
added  causes  cracks  to  develop  which  leads  to  some  loss  of  normal  stress  in  this 
region  at  later  stages  of  loading. 
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10.4.2:  Effect  of  torsion  to  bending  moment  ratio 
In  this  sub-section  was  examined  the  effect  of  T/M  ratio  on  the  stress  in  the  core 
when  the  beam  was  subjected  to  combined  loading  of  torsion  and  bending  moment 
alone.  Concrete  and  steel  arrangement  were  fixed  as  above  while  T/M  ratio  was 
varied  as  in  table  10.3.  Again  the  stresses  at  the  last  converged  increment  was  used 
for  the  analysis. 
Table  10.3:  Torsion  and  bending  ratios 
No. 
From  figures  10.12,  it  appears  that  as  T/M  ratio  increases,  in  the  outer  layers 
compressive  stress  is  concentrated  at  the  mid-depth  of  the  beam.  However,  in  the 
inner  layers,  compressive  stress  is  concentrated  towards  the  top  and  bottom  of  the 
beam  depth.  No  such  large  changes  were  noticed  in  the  distribution  of  the  shear 
stress  due  to  torsion  (Fig.  10.13).  When  the  ratio  of  the  torsion  to  bending  moment 
becomes  very  large  the  difference  in  stress  distribution  between  the  outer  shell  and 
the  core  became  pronounced.  At  this  stage  the  whole  section  participates  in  resisting 
stress  with  mainly  compression  in  the  outer  shell  and  tension  in  the  inner  part.  If  the 
tensile  resistance  of  concrete  is  ignored  then  the  beam  behaves  as  a  hollow  one. 
227 Chapter  10  Desian  of  solid  beams 
Shear  stress  curves  in  figure  10.13  show  that  with  the  increase  of  the  torsion,  only 
minor  changes  noticed  in  the  stresses  in  the  core. 
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10.4.3:  Effect  of  shear  force  to  bending  moment  ratio 
Table  10.4  shows  three  different  V/M  ratios  for  which  the  beam  was  analysed. 
Figures  10.14-15  show  that  when  the  beam  is  subjected  to  bending  moment  and 
shear  force  alone  there  is  almost  no  effect  of  the  V/M  ratio  on  the  normal  or  shear 
stress  distributions. 
Table  10A  Shear  force  and  bending  moment  ratios 
Beam  Vd  Md  Vd 
No.  kN.  kN.  nL  nf' 
-  it  96.65  T.  3 
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Fig.  10.14:  Effect  of  the  ratio  of  shear  to  bending  on  the  normal  stress  distribution 
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10.4.4:  Effect  of  load  level 
In  this  sub-section  the  behaviour  of  the  beam  under  several  load  levels  starting  from 
elastic  to  failure  load  was  studied.  The  beam  was  subjected  to  combined  loading  of 
26kNm  torsion,  23.8lkNm  bending  moment  and  28kN  shear  force. 
It  is  clear  from  figures  10.16  that  the  normal  stress  distribution  changes  from  elastic 
linear  before  cracking  to  non-linear  with  an  increase  in  compression  in  the  outer 
shell  until  failure.  However,  in  the  upper  part  of  the  beam  compressive  stress  was 
maintained  with  slightly  different  values  across  the  beam  width. 
Figures  10.17  show  that  uniform  shear  stress  across  the  width  exists  at  the  elastic 
stage,  changing  to  more  concentration  in  the  outer  shell  when  the  load  was  increased 
until  failure. 
From  the  results  in  this  section  it  can  be  said  that  although  the  core  participates  in 
the  load  resistance,  it  is,  however,  difficult  to  quantitatively  describe  this  resistance 
in  a  very  simple  manner.  One  reason  for  this  difficulty  is  that  the  contribution  of  the 
core  is  affected  by  the  load  combination.  The  positive  effect  of  the  normal 
compressive  stress  in  increasing  the  load  resistance  is  reduced  by  the  concentration 
of  the  shear  stresses  in  one  side  of  the  section.  In  other  words,  presence  of  large 
value  of  torsion  leads  to  a  solid  beam  acting  like  a  hollow  one,  while  presence  of 
large  bending  moment  activates  the  core  resistance.  Another  reason  is  that,  not  the 
whole  core  participates  in  stress  resistance.  The  participation  is  affected  by  the 
location  of  the  neutral  axis  which  is  dependent  on  the  load  level  and  load 
combination.  Finally,  the  core  resistance  may  be  affected  by  the  material  properties 
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i.  e.  tensile  stress  in  the  core  concrete  reduces  the  load  on  the  steel  which  leads  to  a 
stronger  beam,  and  strain  hardening  of  steel  gives  extra  strength. 
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10.5:  Design  trials 
The  findings  from  the  stress  analysis  in  section  10.4  can  be  summarised  as  follows: 
1.  The  torsion  is  resisted  by  the  outer  50  mm  shell. 
2.  The  direct  shear  and  bending  moment  are  partially  resisted  by  the  core. 
3.  Large  torsion  combined  with  bending  moment  alone  or  with  shear  force  causes 
the  presence  of  two  separate  neutral  axes  for  the  outer  shell  and  the  core,  with 
more  compressive  stress  in  the  outer  shell. 
4.  Large  bending  moment  increases  the  participation  of  the  core  in  the  stress 
resistance. 
In  an  attempt  to  produce  a  safe  and  economical  design,  these  points  were  considered 
in  a  search  for  a  reasonable  stress  distribution  for  the  calculation  of  reinforcement. 
The  design  stress  distribution  must  comply  with  the  Lower  Bound  Theorem.  This 
theorem  allows  any  stress  distribution  to  be  used  in  the  design  as  long  as  it  does  not 
violate  equilibrium  and  material  yield  conditions.  The  highest  load  that  can  be 
resisted  by  a  member  while  still  satisfying  these  conditions  is  the  best  lower  bound 
to  ultimate  load.  In  addition,  the  design  stress  distribution  should  be  easy  to 
implement  and  gives  acceptable  results  for  different  load  combinations.  Hence, 
several  stress  distributions  were  tried  for  reinforced  and  partially  prestressed  beams 
using  the  load  combination  of  T=13kNm,  M=5lkNm  and  WOW.  All  of  these 
trials  satisfy  the  Lower  Bound  Theorem.  The  resulting  normal  and  shear  stresses  in 
each  region  were  used  in  the  direct  design  procedure  to  calculate  the  required  steel 
areas. 
The  beam  was  again  divided  into  36  cells,  the  required  longitudinal  reinforcement  in 
the  front  half  of  the  beam,  where  the  shear  stresses  are  added,  is  called  Aý  and  in 
the  back  half,  where  the  stresses  are  subtracted,  is  called  Ab,.  However,  in  order  to 
reduce  the  provided  longitudinal  reinforcement,  the  average  of  (Aý  +  A.  )  is 
provided  in  each  half  width  of  the  beam.  This  implies  that  one  half  of  the  section, 
where  the  stresses  are  added,  will  be  under  designed  and  the  other  is  over  designed. 
This  is  less  than  providing  Af  in  each  half  as  was  done  for  the  hollow  beams  and 
BTV12.  The  difference  in  the  longitudinal  steel  areas  between  the  two  methods  is 
discussed  later  in  section  10.6.  The  transverse  steel  is  still  based  on  the  largest 
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required  stirrup  leg  area  Af 
SY 
As  the  aim  was  to  optimise  the  usage  of  material,  the  trial  which  gives  least 
reinforcement  was  adopted  as  a  model  for  computational  experiments  in  section 
10.6.  The  computational  experiments  were  carried  out  using  the  3-D  program  to 
examine  the  beam  behaviour  and  failure  load  for  different  load  combinations. 
10.5.1:  Reinforced  concrete  beams 
Four  design  trials  for  reinforced  concrete  beams  were  studied  (Fig  10.18).  Plastic 
stress  distribution  was  used  with  different  shape  and  size  of  stress  blocks  (shaded 
areas)  as  follows: 
1.  Trial  Rl:  The  normal  stress  was  resisted  by  the  top  and  bottom  50x3OOmrn 
blocks,  the  shear  stress  due  to  shear  force  was  taken  by  the  200x5Omm  side 
blocks  and  the  torsional  shear  stress  was  calculated  using  the  shear  flow  as  in  a 
hollow  section. 
2.  Trial  R2:  Similar  to  trial  RI  except  that  the  depth  of  the  compressive  stress  in 
the  outer  shell  was  doubled. 
3.  Trial  R3:  Similar  to  trial  R1  except  that  the  shear  stress  due  to  shear  force  was 
resisted  by  the  middle  200mm  across  the  whole  width. 
4.  Trail  R4:  Similar  to  trial  R3  except  that  the  shear  stress  due  to  shear  force  was 
resisted  by  the  200x2OOmrn  core. 
The  stress  values  and  required  steel  areas,  calculated  based  on  each  trial,  are 
presented  in  table  10.5.  It  is  clear  from  this  table  that  no  major  differences  exist 
between  these  trials  in  calculating  the  steel  areas  because  all  different  stress 
distributions  assume  a  "plastic  state".  However,  trial  R1  required  the  least 
reinforcement  among  this  group. 
10.5.2:  Partially  prestressed  concrete  beams 
Two  design  trials  were  studied  for  the  partially  prestressed  beams.  Four  prestressing 
wires  were  used  carrying  20kN  axial  force  each.  The  eccentricity  for  each  pair  was 
125  and  75mm  respectively,  and  the  yield  stress  fpy  was  1570N/mm  2. 
1.  Trial  Pl:  Elastic  stress  distribution  combined  with  the  direct  design  procedure 
was  used  for  the  calculation  of  required  reinforcement.  The  beam  was  again 
divided  as  in  figure  10.2  and  equations  10.1  to  10.3  were  used  for  the 
calculation  of  external  stresses.  The  normal  stresses  due  to  bending  moment 
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and  due  to  the  eccentric  axial  loads  caused  by  prestressing  were  calculated 
separately  and  algebraically  summed.  Similarly  the  shear  stresses  from  shear 
force  and  torsion  were  algebraically  added. 
2.  Trial  P2:  Plastic  stress  distribution  was  considered  as  follows: 
The  shear  stresses  were  calculated  as  in  trial  RI  in  section  10.4.1.  The  normal 
stresses  from  the  external  bending  moment  and  the  axial  forces  were  combined 
and  assumed  to  be  acting  as  one  axial  force  through  the  centroid  and  a  net 
bending  moment  acting  about  the  centroidal  axis  XX  as  shown  in  figure  10.19, 
In  this  figure,  a=  the  distance  between  the  neutral  axis  and  centroldal  axis,  b 
and  d=  the  breadth  and  depth  of  the  cross  section  and  cyx  =  normal  stress  in  the 
direction  of  the  beam  axis. 
For  the  given  load  combination,  the  value  of  a  was  found  to  be  20mm  and 
therefore,  for  convenience  the  depths  of  the  regions  in  figure  10.2  were  used  as 
50,60,60,40,40  and  50mm  frorn  top  to  bottom  respectively.  The  width, 
however,  was  kept  at  50mrn  for  each  region. 
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Fig.  10.19:  Plastic  stress  distribution  in  the  presence  of  axial  load 
Table  10.6  shows  that  the  elastic  stress  distribution  leads  to  less  longitudinal 
reinforcement  than  the  plastic  stress  distribution.  This  is  because  the  plastic  stress 
distribution  gives  more  total  tensile  force  than  the  elastic  stress  distribution  due  to 
the  shorter  lever  arin  length  in  the  case  of  plastic  stress  distribution. 
As  shown  in  table  10.7,  trials  RI  and  PI  required  the  least  reinforcement  for 
reinforced  and  partially  prestressed  beams  respectively,  they  were  used  for  the 
design  of  beams  in  the  following  section.  I 
Table  10.7:  Summary  of  required  reinforcement  based  on  the  design  trials 
Trial  A,,  '+Ax  A,,  ý 
No  rnm 
2 
mm 
2/M 
Re-m-nTorced  beam. 
RI  591  513 
R2  606  513 
R3  633  513 
R4  674  513 
Partially  prestressed  beam 
P1  383  505 
P2  489 
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10.6:  Computational  experiments 
In  this  section  models  RI  and  PI  were  used  for  the  design  of  reinforced  and 
partially  prestressed  beams  respectively  and  the  3-D  program  was  used  to  study  the 
behaviour  of  these  models.  It  should  be  emphasised  that  in  these  models  the  total 
provided  longitudinal  reinforcement  is  the  summation  (Y,  Aý,  =  AL  +  A.  )  of  all  Sx 
required  steel  areas  in  this  direction.  This  is less  than  twice  Aý  as  was  provided  for 
hollow  beams  and  solid  beam  BTV12.  Table  10.8  shows  a  comparison  between 
these  steel  areas  for  several  load  combinations.  It  can  be  seen  that  the  difference  is 
larger  in  the  case  of  reinforced  beams  (up  to  19%). 
The  transverse  steel  is  still  based  on  the  largest  required  stirrup  leg  area  Af 
SY 
Table  10.8:  Comparison  between  summation  and  largest  longitudinal  reinforcement 
L,  oad  combination  KI  rl 
T  M  V  A,,.  i*A.  ý  2A.:  (A,  ý  +  Ab  )/(2A.  1  -A.  4A.  1 
- 
2A,  ý  (Aj+  A,.  ý)/(2Aj 
kN.  m.  Min.  kN.  mmz  mmý 
- 
Ratio  -MM 
-= 
-  -  - 
Ratio 
-rj-  = 
-  - 
=  = 
-  - 
0.87  -  JT=  7w  0.96 
= 
- 
707 
-  - 
=  gW 
--  - 
0.81  0.95 
JT  7U  =  rUOT  U.  84  0.96 
10.6.1:  Effect  of  the  Tt,,  ýT,  I,  ratio  on  the  computed  steel  stress  and  failure  load 
Three  reinforced  (NI-N3)  and  two  partially  prestressed  (N4-N5)  beams  designed  for 
different  ratios  are  shown  in  table  10.9.  The  shear  force  V  and  the  ratio  of 
torsion  to  bending  moment  T/M  were  kept  constant.  The  bending  moment  was 
varied  by  varying  the  distance  between  the  supports.  This  table  also  shows  the  ratios 
of  computed  to  design  failure  loads  L.  /L 
,  d-  It  is  clear  that,  for  the  load  combination 
tested  here,  the  smaller  the  ratio  Tt.  ýTýh,  the  larger  the  failure  load  ratio  for  both 
reinforced  and  partially  prestressed  beams.  Figure  10.20  shows  that  in  all  reinforced 
beams  the  longitudinal  steel  in  the  front  face  yielded  near  the  failure  load.  However, 
in  the  partially  prestressed  beams  and  in  the  rear  face  of  the  reinforced  beams,  the 
longitudinal  steel  did  not  reach  yield.  In  all  cases  the  transverse  steel  did  not  reach 
yield  but  the  larger  the  rw/Týh,  ratio  the  larger  the  stirrup  stress. 
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Fig.  10.20:  Effect  of  ratio  on  steel  stress  (N  I  -N5  see  Table  10.9) 
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Table  10.9:  Effect  of  Ttoý,  rh,  ratio  on  failure  load 
Beam  Td  Vd  Md  TWMd  I  I  LAd 
No. 
I 
kN.  nL  kN.  kN.  m.  Ratio  I  Ratio  I  Ratio 
Reinforced  odels 
NI 
' 
13 
-  - 
61 
--  - 
13 
- 
1.0 
-  - 
0.68 
- 
1.45 
N2  7T  6T 
--  - 
--2T  TU 
-  - 
FT6- 
-  - 
-U.  73- 
-  N3  Ur 
- 
Tu  TT5  OT(T- 
PartiaHy  prestressed  moleff 
N4  1  26  ý;  6  1 
N5  I  11  39 
1 
1.0  1  2.10 
1 
0.85  " 
10.6.2:  Effect  of  T/M  ratio  on  the  computed  steel  stress  and  failure  load 
Similar  to  sub-section  10.6.1  five  beams  (KI-K5)  were  designed  for  different  T/M 
ratios  as  in  table  10.10.  The  beams  were  subjected  to  bending  and  torsion  alone. 
Results  show  that,  the  smaller  the  TIM  ratio,  the  larger  the  failure  load  for  both  the 
reinforced  and  partially  prestressed  beams.  Figures  10.21  show  that  the  longitudinal 
steel  in  all  beams  except  K5  reached  yield  near  failure  load.  The  transverse  steel  did 
not  reach  yield  in  all  cases  but  the  larger  the  T/M  the  larger  the  stress  in  the  stirrups. 
From  the  results  in  this  section  it  can  be  seen  that  the  selected  design  models  RI  and 
PI  have  shown  acceptable  agreement  between  the  design  and  non-linear  analysis  on 
the  failure  load  and  longitudinal  steel  yield.  However,  there  is  poor  agreement  in  the 
case  of  stress  in  the  transverse  steel  specially  when  rwýTg,,  or  T/M  are  small.  The 
use  of  the  summation  of  reinforcement  in  the  longitudinal  direction 
(E  A,  =  Af  +  A,,.  )  results  in  acceptable  predicted  failure  load  and  steel  behaviour  in 
this  direction. 
Table  10.10:  Effect  of  Twlv%  ratio  on  failure  load 
Beam  Td  Vd  Md  Td(Md-  LAd 
.I 
No  kN.  m.  kN.  kN.  m.  Ratio  Ratio 
-  Reinforced  models  - 
KI  13  0  51 
-  - 
0.25 
- 
1.10 
K2  3T  -T.  3T  0.95 
K 
Partially  prestressed  models 
K4  13  0  51  0.25  1.2 
K5 
1 
39  0  34  1.15  0.80 
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Fig.  10.2  1:  Effect  of  T&Md  ratio  on  steel  stress  (KI  -K5  see  table  10.10) 
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10.7  Effect  of  using  average  transverse  steel  on  beam  behaviour 
Since  in  the  previous  computational  experiments,  the  transverse  steel  did  not  yield, 
the  average  of  the  transverse  steel  areas  (Af  +Ab)/2  was  used  in  the  following 
SY  SY 
computational  experiments  instead  of  using  the  largest  required  stirrup  leg  area  Af 
SY 
as  in  all  previous  work.  The  longitudinal  steel  was  kept  as  the  summation  of  the 
whole  steel  areas.  This  was  done  to  study  the  effect  of  reducing  the  transverse  steel 
on  the  beam  behaviour  and  failure  load.  Two  beams  having  different  Ttoý,  r,  h,  and 
T/M  ratios  as  in  table  10.11  were  analysed.  Each  beam  was  designed  for  the  same 
load  combinations  twice,  once  with  Af  and  another  with  (Af  +A')  12.  In  this  SY  SY  SY 
table,  LJLd  indicates  the  failure  load  ratio  for  the  case  when  the  Afy  was  used  and 
Lc*/Ld  represents  the  failure  load  ratio  when  the  average  transverse  steel 
(Aof,  +  A')  /2  was  used.  Figure  10.22  shows  the  strain  ratios  in  the  longitudinal  and  SY 
transverse  steel.  The  *  in  this  figure  represents  the  strain  ratio  for  the  case  when 
(A,  f  +  A')  /2  was  used  and  the  those  graphs  without  *  are  for  the  case  when  the  SY 
Af  was  used.  jy 
From  this  table  and  these  figures  it  can  be  seen  that  there  was  no  change  in  the 
failure  loads  or  the  stresses  in  the  longitudinal  steel.  The  stresses  in  the  transverse 
steel  have  slightly  increased  in  beam  F2*  but  it  did  not  yield. 
Table  10.11:  Effect  of  average  transverse  steel  on  failure  load 
Beam  Td/Md  Failure  Ratios 
No. 
I 
Ratio  Ratio  LAd  LT17d 
R-e-Morced  model 
F1  1  0.69  0.25  1.45  1.45 
Partially  prestressed  model 
F2  1  1.56  1  0.56  1.15  1.15 
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Fig.  10.22:  Effect  of  average  transverse  steel  on  steel  stress 
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10.8  Conclusion 
From  the  study  in  this  chapter  it  can  be  concluded  that  the  concrete  in  the  core 
participates  in  the  beam  strength  and  behaviour  and  cannot  be  ignored.  Its 
participation  depends  partly  on  the  ratio  of  the  torsion  to  bending  moment  and  the 
ratio  of  the  shear  stress  due  to  torsion  to  shear  stress  due  to  shear  force.  The 
assumed  stress  distribution  has  little  effect  on  the  amount  of  calculated 
reinforcement.  One  way  of  reducing  the  excess  reinforcement  is  using  the 
summation  of  longitudinal  steel  instead  of  the  area  based  on  the  largest  stress 
combination,  and  using  the  average  stirrup  leg  area  instead  of  the  largest  leg  area. 
The  finite  element  program  used  for  the  non-linear  analysis  predicts  an  acceptable 
theoretical  failure  load  and  longitudinal  steel  response  for  the  beams  designed  using 
models  R1  and  P1  explained  in  section  10.5.  The  transverse  steel,  however,  did  not 
reach  yield  even  when  average  transverse  steel  was  used. 
In  order  to  experimentally  examine  these  design  models  and  agreement  between  test 
results  and  predicted  results  from  the  finite  element  program,  five  beams  were 
designed  based  on  these  models  with  average  transverse  steel  as  discussed  in  section 
10.7.  The  experimental  test  results  and  non-linear  analysis  are  presented  in  the 
following  chapter. 
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11.1:  Introduction 
Based  on  the  recommendations  presented  in  the  preceding  chapter,  three  reinforced 
and  two  partially  prestressed  solid  beams  were  tested.  The  3-D  finite  element 
program  was  used  for  the  non-linear  analysis.  The  experimental  and  computational 
results  are  compared  and  the  validity  of  the  stress  distributions  used,  the  direct 
design  method  and  the  prediction  of  the  3-D  finite  element  program  are  examined. 
The  comparison  is  carried  out  using  the  following  criteria: 
9  Load  displacement  relationship. 
Strain  in  longitudinal  steel. 
o  Strain  in  transverse  (links)  steel. 
*  Relative  angle  of  twist. 
*  Crack  pattern  and  mode  of  failure. 
*  Failure  load. 
9  Crack  pattern  and  mode  of  failure. 
As  the  data  is  very  large,  only  a  few  typical  results  are  shown  in  this  chapter. 
Appendix  B  contains  a  complete  set  of  experimental  and  computational  steel  strain. 
Table  11.1:  Load  combinations 
Beam  "'d  T 
t0jr 
Vd  -  -,  CSIr  T 
toir/Tsfir 
Md  "'d'Md 
No. 
I 
kN.  m.  N/mne  kN  N/mrný  Ratio  kN-.  m-.  Ratio 
Group  C:  Reinforced  concrete  sohd  beams 
BTV13  26  4.16 
- 
-61.08 
- 
3.00  1.39  50.89  0.51 
BTV14  =.  T  U9  --0-.  637-  5  0.8  9 
BTV15  6.24  41.08 
-  - 
---TU4-  32.89 
Group  D.  Partially  prestressed  hoIT5ww  TFa  ms 
BTV16 
- 
61.08  3.00  0.69-  50.  0.26 
BTV17 
1 
-  39  6.24 
1 
41.  32.89  TO 
11.2:  Experimental  investigation 
11.2.1:  Test  beams 
Plastic  stress  distribution  Trial  RI  (chapter  10)  was  used  for  the  design  of  reinforced 
concrete  beams  while  elastic  stress  distribution  Trial  PI  was  adopted  for  the 
partially  prestressed  ones.  Table  11.1  shows  the  load  combination  used  in  the  tests. 
The  main  differences  between  these  beams  are  the  ratio  of  the  shear  stress  due  to 
torsion  to  shear  stress  due  to  shear  force  Tt.  ýTA,  which  varied  between  0.69  and  3.04 Chapter  II  Experimental  and  computational  investigation  of  solid  beams 
and  the  ratio  of  the  torsion  to  bending  moment  T/M  which  varied  between  0.26  to 
1.19.  The  beam  cross-section  was  300000mm  and  the  length  was  3.8m.  The  beams 
were  loaded,  tested  and  monitored  as  described  in  chapter  4.  The  typical 
arrangement  of  reinforcement  and  the  vertical  distances  between  longitudinal  layers 
of  reinforcement  were  as  for  the  hollow  beams  (Figs.  5.5-6).  Figure  11.1  shows  the 
reinforcement  provided  for  each  beam  inside  the  test  span  and  outside  it.  The  steel 
bar  diameters  were  as  shown  in  the  figures  while  the  diameter  of  the  prestressing 
wires  was  5  mm.  The  filled  circles  represent  the  strain  gauged  bars  or  prestressing 
wires  while  the  unfilled  circles  represent  the  rest. 
,  --O---cý--O 
4Y8  a,  --------  c  2Y8 
0  -o  2Y8  BTV13  0,  -0  ------  2Y8 
, 
D-* 
-----2YI0 
2YI0 
-A  -----4YI2  --Q  ------  4YI2 
Section  1-1  Section  2-2'  7-- 
Y8  @120  mm  c/c 
-4Y8  ---  ----  2Y8 
BTV14 
-Ej_  -----2YI0  -----2YI0 
Section  1-1  Section  2-2'  '\- 
Y8  @170  mm  c/c 
4Y8  --------  0  ------ 
2Y8 
:>  --o  2Y8  BTV15  ------  2Y8 
31 
EI 
-,  D  -----2Y10 
Z]-.. 
-----  2Y10 
z.  -----4Y12 
1 
--0  ------  4Y12 
Section  1-1 
ýt-'on2'2  ' 
Y8  @82  mm  cJc 
3.  -  -0--  -  -<y  -  -q  ----- 
4Y8 
3  ---------  0.1  2Y8 
2Y8 
BTVI  6  3,  -,  - 
2Y8 
2Y8  3  2Y8  31  :  -:  --2vAres  -0':  -:  --2vvires 
2Y8+2  vires  =o  ------  2Y8+2  vAres 
Section  2-2  j, 
Y8  @170  mm  c1c 
-0 
4Y8 
2Y8 
31  -0 
2Y8 
2Y8 
B1V17 
31  '  -----2wres 
3,13 
0 
,0 
LL-1  -V  --  -2Y10+2%ires 
Section  1-1 
--s.  L  2Y8 
1-,  ý  L 
---- 
2Y8 
31  ----- 
L  2Y8 
31 
2  wires 
2YIO+2  wires 
Section  2-2' 
Y8  @80  mm  CIC 
Fig.  11.1:  Reinforcement  in  solid  beams 
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Table  11.2  shows  the  measured  average  material  properties.  The  cube  f,.  and 
cylinder  f,  concrete  compressive  strengths  in  this  table  were  for  the  samples  cured 
under  the  same  conditions  as  for  the  beam.  Table  11.3  shows  the  locations  of  strain 
gauges.  This  table  has  to  be  read  in  conjunction  with  figure  5.4  which  is  repeated 
here  for  convenience. 
Table  11.2:  Average  material  properties 
Beam  I  k,  I  Ir,  I  I  I  ýy  Age 
No.  N/mm'  I  N/mmý  I  Nlmne  I  Winne  I  N/mm_  days 
Group  C:  Reintorced  concrete  sohd  beams 
BTV13  40  28.5 
-  - 
500 
--  - 
500  9 
BTV14 
- 
-37-- 
-  - 
757  YO  --5W-  8 
-13TVT3 
-  -  -  -- 
a 
-  -  -  -  -  -  - 
8 
Ur  o  u  p  17  TUýtia)Tp  r  es  tr  e  ss  e  &  solid  beams- 
BTV16  52  36  500  500  1570  8 
BTV17 
1 
53  36  5UU  500  1,570  10 
Table  11.3:  Location  of  strain  gauges  (To  be  read  in  conjunction  with  Fig.  5.4) 
Space  a  b  c  d  c  t  9  fi  i  k 
-We-a-m  mm  mm  mm 
- 
mm 
- 
mm 
- 
mm  mm  mm  mm  mm 
l=  -=  -= 
- 
= 
-  - 
= 
- 
- 
-  , lffvT4  -=  =  mu  1,1r  - 
BTV15  82  82  82  -  41 
- 
82 
- 
82 
- 
82 
BTV16 
g 
170 
g 
170  -  -  -  85 
--  - 
170 
-  - 
170  z  170  7 
- 
80  80  4u  UU  m-  - 
11.2.2:  Experimental  observations 
This  sub-section  summaries  the  observed  behaviour  in  the  test  span  region  of  the 
tested  solid  beanis  at  significant  stages  in  the  behaviour.  The  data  presented  is  as  in 
the  case  of  hollow  beam  discussed  in  chapter  5. 
BTV13:  Td=26kN.  m.,  Md=50.89kN.  m.,  Vd=61.08kN.,  Td/Md=0.51,,  rt,,  ý-rg,,  -=1.36 
At  50%  of  design  load,  almost  vertical  cracks  were  first  noticed  at  the  bottom  and 
front  faces  near  mid-span.  At  60%  of  load,  the  first  crack  was  noticed  in  the  back 
face.  At  70%  of  load,  inclined  (50)  cracks  appeared  in  the  top  face  as  an  extension 
of  the  inclined  cracks  at  the  front  and  back  faces.  The  average  crack  width  at  this 
stage  was  0.5mm.  Displacement  limit  of  span/250  was  reached  just  before  failure 
load.  Failure  happened  at  108%  of  load  by  a  major  inclined  (500)  crack  opening  up 
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on  the  front  face  at  about  400mm  to  the  right  of  mid-span  and  spiralling  round  the 
beam.  Figure  11.2  shows  crack  development.  Figure  11.3  shows  the  steel  strain.  The 
average  steel  strain  ratio  on  the  front  face  was  1.04  and  in  the  back  face  0.62.  In  the 
stirrups,  the  average  steel  strain  ratio  in  the  front  face  was  0.90  and  in  the  rear  face 
was  0.3  5. 
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Fig.  11.2:  Crack  development  in  the  front  web  (BTV  13) 
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BTV14:  Tdý=IAN.  m.,  Md=50.89kN.  m.,  V,  1761.08M,  Tdffld=0.26,,  rwý'rýý0.68 
At  50%  of  load,  almost  vertical  cracks  were  first  noticed  at  the  bottom,  front  and 
back  faces  near  mid-span.  It  was  only  at  100%  of  load  when  the  first  crack  appeared 
in  the  top  face  as  an  extension  of  the  inclined  cracks  of  the  front  and  back  faces.  The 
average  crack  width  at  this  stage  was  0.5mm.  Failure  happened  at  130%  of  load  by  a 
major  inclined  (55')  crack  opening  up  in  the  front  face  at  about  500mm.  to  the  right 
of  mid-span  and  spiralling  round  the  beam.  Figure  11.4  shows  crack  development 
and  figure  11.5  shows  the  steel  strain.  The  average  steel  strain  ratio  on  the  front  face 
was  0.88  and  in  the  back  face  0.52.  In  the  stirrups,  the  average  strain  ratio  in  the 
front  face  was  0.78  and  in  the  back  face  was  0.18. 
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Fig.  11A  Crack  development  in  the  front  web  (BTV14) 
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At  40%  of  load,  inclined  (400)  cracks  were  first  noticed  on  the  front  face  to  the  right 
of  the  mid-span  and  in  the  back  face  to  the  left  of  the  mid-span.  At  50%  of  load, 
inclined  cracks  appeared  in  the  bottom  face  and  at  70%  of  load,  the  cracks  extended 
into  the  top  face.  The  average  crack  width  at  this  stage  was  0.4mm.  Failure 
happened  at  89%  of  design  load  by  two  parallel  major  cracks  opening  up  in  the 
bottom  of  the  front  face  at  about  500mm  to  the  right  of  mid-span  and  quickly 
spiralling  round  the  beam.  Figure  11.6  shows  crack  development  and  figure  11.7 
shows  steel  strain.  The  average  steel  strain  ratio  in  the  front  face  was  0.75  and  in  the 
back  face  0.48.  In  the  stirrups,  the  average  strain  ratio  in  the  front  face  was  0.86  and 
in  the  back  web  was  0.53. 
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BTV16:  TdýIRN.  m.,  Md=50.89kN.  m.,  Vd=61.08kN.,  TdlMd=0.26,  TtoýTsh,  =0.68 
At  70%  of  load,  almost  vertical  cracks  were  first  noticed  in  the  front,  back  and 
bottom  faces  near  mid-span.  Displacement  limit  of  span/250  was  reached  at  80% 
design  load.  From  80%  to  I  10%  of  load,  inclined  cracks  developed  in  these  three 
faces.  The  average  crack  width  at  I  10%  of  load  was  0.4mm.  At  120%  of  load,  a 
major  crack  opened  up  in  the  front  and  bottom  faces  and  immediately  extended  into 
the  back  and  top  faces  causing  the  beam  to  fail.  Figure  11.8  shows  crack 
development.  Figure  11.9  shows  the  strain  in  the  prestressing  wires  and  the 
transverse  steel.  The  average  strain  ratio  in  the  front  side  wire  was  1.34  and  in  the 
rear  side  wire  was  1.2.  In  the  stirrups,  the  average  strain  ratio  in  the  front  face  was 
0.43  and  in  the  back  face  was  0.13. 
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BTV17:  Td=39kN.  m.,  Mý--32.89kMrn.,  Vd=41.08M,  Td11'*%=l-19,  'CWý'rshrý=3.04 
Inclined  (50)  cracks  appeared  on  all  faces  at  50%  of  design  load.  With  an  increase 
of  load,  more  cracks  developed  until  failure  happened  at  97%  of  load  by  a  major 
crack  opening  in  the  bottom,  back  and  top  faces.  The  average  crack  width 
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before  failure  load  was  0.4mm.  Figure  11.10  shows  crack  development  and  figure 
11.11  shows  strain  in  the  prestressing  wires  and  transverse  steel.  The  average  strain 
ratio  in  the  ftont  side  wire  was  0.85  and  in  the  rear  side  wire  was  0.71.  In  the 
stirrups,  the  average  strain  ratio  in  the  front  face  was  0.59  and  in  the  back  face  was 
0.41. 
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Fig.  11.10:  Crack  development  in  the  front  face  (BTV  17) 
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Summary: 
In  general,  the  observed  behaviour  can  be  summarised  as  follows: 
1.  Table  11.4  shows  some  test  results  related  to  steel  strain  and  table  11.5  shows  test 
results  related  to  deflection. 
2.  In  the  case  of  beams  in  which  bending  was  dominant  (Td/Md<l)  almost  vertical 
cracks  started  in  the  bottom  face  and  at  the  lower  half  of  the  front  and  rear  sides. 
These  cracks  were  followed  by  inclined  cracks  in  succeeding  load  increments 
until  they  first  appear  in  the  top  flange  at  about  80%  of  failure  load.  In  the  beams 
where  torsion  was  dominant  (Td/Md>l),  inclined  cracks  extended  into  the  bottom 
face  one  increment  after  they  were  formed  in  the  front  and  rear  sides.  In  both 
groups,  the  smaller  the  ratio  Td/Md,  the  closer  is  the  angle  of  crack  to  vertical.  In 
all  beams,  if  vertical  cracks  occur,  they  are  present  only  in  the  bottom  face  and  at 
the  lower  half  of  the  front  and  rear  sides. 
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Table  1  1A  Test  results  related  to  steel  strain 
Beam  First  yield  data  Maximum  strain  measured  data 
No.  FYL  I  LFL  I  FYS  I  US  (&/EY)MFL  I  MFL  I  (&/EY)MFS  MFS 
Group  C:  Reinforced  concrete  solid  beams 
BTV13  FL14  1.1  FS3  1  1.6  FL14  1.5  FS3 
BTV14  FLI  1  1.3  FS4  1.3  1.67  FL12  1.2  FS4 
BTV15  -  FS4  0.89  0.79  FL13  1.3  FS4 
Group  D:  Partially  prestressed  concrete  solid  beams 
BTV16  FLI  1  1.2  FS2  1.2  1.4  1  FLIIJ  1.3  FS2 
BTV17 
I 
-  -  -  -  0.86  1  FLI  11  1.2  FS4_ 
FYL,  FYS  =  Location  of  the  first  yield  in  the  longitudinal  steel  or  stirrup  respectively 
LFL,  US  =  Load  factor  at  which  first  yield  was  recorded  in  longitudinal  steel  or  stirrup 
respectively 
(c/cy)MFL,  (cley)MFS  =  Maximum  strain  ratios  in  front  web  longitudinal  steel  and  stirrups 
respectively 
MFL,  MFS  =  Location  of  maximum  strain  in  front  web  longitudinal  steel  and  stirrups  respectively 
Table  11.5:  Test  results  related  to  deflection 
Heam,  LFUK  LkL;  w  a 
No.  Ratio  Ratio  mm 
-Moup  L;:  Keinforcea  concrete  solia  beams 
BTV13  0.5  0.6  7.2 
-13TV  14  O.  T- 
- 
7.0 
-'Irr=  -U:  4  0.3 
C;  ro-u=p,.  Partially  prestressed  soliZrT)ýs 
BTV16  0.7 
- 
0.9 
- 
13.2 
-  --EnV=  -V.  S  0.8  07 
Mean  0.52  0.74  5.72 
LFCR  =  Load  factor  when  first  crack  was  noticed 
LFCW  =  Load  factor  when  the  average  crack  width  was  0.3mm 
A=  Maximum  vertical  displacement  at  mid-span  of  bottom  flange 
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3.  The  average  crack width  when  the  first  crack  appeared  in  the  top  face  in  the 
reinforced  beams  was  0.47mm  and  in  the  partially  prestressed  beams  was 
0.40mm. 
4.  All  beams  with  bending  dominant  (Td/Md<l)  reached  the  displacement  limit 
span/250  while  the  ones  with  torsion  dominant  (T&Nfd>l)  experienced  relatively 
smaller  displacement. 
5.  In  the  beams  with  Td/Md<l,  the  longitudinal  steel  or  prestressing  wires  in  the 
front  face  yielded  or  reached  yield  strain  while  slightly  less  strain  was  recorded 
in  the  ones  with  T&%Id>l.  In  the  back  face,  only  the  prestressing  wires  in 
BTV  16  yielded.  Widi  exception  to  BTV  16,  the  transverse  steel  in  the  front  face 
yielded  or  reached  near  yield  strain.  In  the  stirrups  of  the  back  face,  negligible 
strain  was  recorded  in  all  beams. 
6.  Both  beams  BTV15  and  BTV17  (Td/Md=1.19)  failed  slightly  below  design  load 
while  beams  BTV14  and  BTV16  (Td/Md=0.26)  failed  above  the  design  load  and 
BTV13  (Td/Md=0.51)  failed  just  above  design  load.  The  experimental  to  design 
failure  load  LAd  is  shown  in  table  11.6. 
Table  11.6:  Ratios  of  loads 
Bearn  d  I  est  Result  Ratios 
-  No.  Ratio  Ratio  LAd  I  E77dT  r,  7E. 
Uroup  L:  Keintorced  concrete  solid  beams 
BTV13  0.51  1.39 
- 
1.  ua 
-- 
1.10 
---  - 
0.98 
BTV14  70-76-  --767 
- 
I=. 
--  - 
T.  75 
--  - 
0.96 
---  -  ==  -=.  pj-  --TU4  G.  Tg  07js 
ý 
TgT 
GFo-up  D7*  Partially  prestressed  concrete  solid  5ýs 
HT  Vl  b  0.26  0.69  1.2u  1.2u  1.  ()o  ý  ý 
131  vI1  1.19  J.  U4  U.  Uf  U.  U5  1.02 
L.  Ld,  Le  =  Experimental,  design  and  computed  failure  loads. 
11.3:  Comparison  between  the  experimental  and  computational  results 
In  order  to  obtain  a  finite  element  solution  for  the  tested  beams,  the  3-D  program 
was  used  for  the  non-linear  analysis.  Measured  values  of  concrete  cube  compressive 
strength  and  steel  tensile  strength  were  used.  The  concrete  cylinder  compressive 
strength,  Young's  modulus,  Poisson's  ratio,  concrete  tensile  strength,  shear  retention 
and  tension  stiffening  were  used  as  explained  in  chapter  10. 
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11.3.1:  Load  displacement  relationship 
Figure  11.12  shows  the  vertical  displacement  at  the  centre  of  the  bottom  face  of 
each  beam.  It  is  clear  from  this  figure  that,  in  general,  a  good  agreement  was 
achieved  between  experimental  and  computational  results  in  most  cases  except 
beams  BTV13  and  BTV16.  In  these  two  beams,  observed  displacements  were  larger 
than  computed. 
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Fig.  11.12:  Vertical  displacement  at  mid-span  of  the  bottom  face 
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11.3.2:  Strain  in  longitudinal  steel 
Figures  11.13-14  and  the  related  figures  in  appendix  B  show  very  good  agreement 
between  the  experimental  and  computational  results  in  most  cases  for  the 
longitudinal  steel  in  the  front  and  back  faces.  However,  in  beam  BTV13  the 
observed  strain  in  front  face  longitudinal  steel  was  24%  larger  than  computed. 
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Fig.  11.13:  Strain  ratios  in  longitudinal  steel  (Front  face) 
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11.3.3:  Strain  in  transverse  steel 
Figures  11.15-16  and  the  figures  in  appendix  B  show  that,  in  general,  an  acceptable 
agreement  between  experimental  and  computational  results  was  achieved. 
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11.3.4:  Relative  angle  of  twist 
Figure  11.17  shows  the  experimental  and  computational  relative  angles  of  twist. 
These  angles  were  calculated  as  explained  in  section  4.5.2.2  of  chapter  4.  It  can  be 
seen  that,  a  good  agreement  has  been  achieved  between  experimental  and 
computational  results  in  most  cases.  However,  in  beam  BTV17  the  observed  angle 
was  larger  than  the  computed  one.  In  beams  where  torsion  was  dominant  (Td/Md>l) 
the  relative  angle  of  twist  was  relatively  larger  than  when  the  bending  was  dominant 
(Td/Md<l).  For  the  same  load  combination,  the  partially  prestressed  beam  BTV16 
experienced  smaller  twist  than  the  reinforced  beam  BTV14.  However,  the  difference 
in  the  case  of  beams  BTV15  and  BTV17  was  negligible. 
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Fig.  11.7:  Continued 
11.3.5:  Failure  load 
Table  11.6  shows  good  agreement  between  experimental  L,  and  computational  L, 
failure  loads.  However,  Beams  BTV14  and  BTV16  (Td/Md=0.26)  failed  at  30%  and 
20%  above  design  load  respectively  and  beam  BTV  15  (Td/Md=  1.19)  failed  at  II% 
below  design  load.  In  general  beams  with  Td/Md<l  failed  at  slightly  above  design 
load  and  beams  with  Td/Md>l  failed  at  slightly  below  design  load. 
11.3.6:  Crack  pattern  and  mode  of  failure 
Figures  11.18-21  show  typical  computed  and  observed  crack  development  of  the 
tested  beams.  In  beams  BTV13,  BTV14  and  BTV16  the  mode  of  failure  was  mostly 
flexural  where  the  beam  experienced  relatively  large  displacement  and  the  flexural 
steel  yielded.  A  small  number  of  large  cracks  caused  failure  at  the  time  of  flexural 
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steel  yielding.  Beams  BTV15  and  BTV17  failed  by  diagonal  cracking  due  to  high 
torsional  shear  stress  and  the  failure  mode  was  less  ductile  with  small  displacement, 
less  longitudinal  steel  strain  and  larger  transverse  steel  strain  than  the  bending 
dominant  beams. 
IIA:  Conclusion 
From  the  results  presented  in  this  chapter  it  can  be  concluded  that  the  direct  design 
procedure  produces  a  good  design  for  solid  beams  subjected  to  general  loading 
conditions.  However,  in  the  case  of  very  large  torsion,  beams  fail  slightly  below  the 
design  load.  The  plastic  stress  distribution  used  for  the  design  of  reinforced  solid 
beams  and  the  elastic  stress  distribution  adopted  for  the  partially  prestressed  beams 
gave  good  results  for  beam  failure  load  and  steel  yield.  The  average  transverse  steel 
used  in  the  design  of  solid  beams  showed  acceptable  results  with  regards  to 
economy  knowing  that  excess  steel  is  practically  difficult  to  avoid.  The  steel  in  the 
regions  where  the  shear  stresses  are  additive,  yielded  or  reached  yield  stress.  The 
results  from  the  3-D  finite  element  program  was  shown  to  be  in  a  good  agreement 
with  the  experimental  results  and  therefore,  proven  to  be  a  good  tool  for  the 
prediction  of  beam  behaviour  and  ultimate  load  of  solid  beams. 
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Fig.  11.  l8a:  Crack  development  in  the  front  face  (BTV  14) 
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Fig.  11.1  8c:  Crack  development  in  the  rear  face  (BTV  14) 
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Fig.  11.18d:  Crack  development  in  the  bottom  face  (BTV14) 
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Fig.  11.  l9b:  Crack  development  in  the  top  face  (BTV  15) 
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Fig.  11.1  9d:  Crack  development  in  the  bottom  face  (BTV  15) 
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Fig.  11.20b:  Crack  development  in  the  top  face  (BTV16) 
Fig.  11.20c:  Crack  development  in  the  rear  face  (BTV16) Chapter  II  Experimental  and  computational  investigation  of  solid  beams 
276 
Fig.  11.20d:  Crack  development  in  the  bottom  face  (BTV16) 12:  Conclusions  and  recommendations 
12.1:  Conclusions 
From  the  experimental  and  computational  investigations  reported  in  this  thesis  the 
following  conclusions  can  be  drawn: 
1.  The  direct  design  approach  proved  to  be  a  very  good  method  for  the  design  of 
hollow  and  solid,  reinforced  and  partially  prestressed  concrete  beams  tested  in 
this  research.  Large  variations  in  the  ratio  of  torsion  to  bending  moment  and  the 
ratio  of  shear  stress  due  to  torsion  to  shear  stress  due  shear  force  did  not  result  in 
any  major  deviation  from  the  design. 
2.  The  procedure  used  for  the  calculation  of  required  reinforcement  for  hollow 
beams  and  partially  prestressed  solid  beams  using  elastic  and  plastic  stress 
distributions  revealed  that  the  former  stress  distribution  required  slightly  less 
reinforcement  than  the  latter.  In  the  case  of  solid  reinforced  beams,  the  design 
was  based  on  stress  distribution  obtained  from  a  study  of  non-linear  stress 
analysis  carried  out  in  chapter  10. 
3.  Results  from  the  2-D  finite  element  program  showed  good  agreement  with 
experimental  results  of  hollow  beams. 
4.  The  3-D  finite  element  program  predicted  results  close  to  the  experimental 
behaviour  of  solid  beams. 
5.  The  method  used  for  the  construction  of  hollow  beams  proved  to  be  particularly 
good  in  maintaining  almost  exact  thickness  of  walls and  location  of  steel  cage. 
6.  The  simple  method  used  for  constructing  partially  prestressed  beams  was  very 
successftd. 
12.2:  Recommendations  for  further  work 
Further  research  is  needed  to  solve  problems  encountered  in  this  study  and  to 
expand  the  use  of  the  direct  design  method  to  different  type  of  structures. 
1.  A  study  is  needed  to  experimentally  investigate  the  reason  for  the  beams  with 
large  T/M  ratio  failing  at  slightly  below  design  loads.  The  use  of  longer 
centreline  in  calculating  the  enclosed  area  of  cross-section  A.  for  torsional  shear 
stress  results  in  less  steel  area  which  may  cause  premature  failure  load  in  the  case 
of  beams  resisting  large  torsion.  Some  numerical  examples  are  shown  in 
appendix  C. Chapter  12  Conclusions  and  recommendations 
2.  The  design  of  solid  beams  needs  ftu-ther  investigation  on  the  selection  of  a 
reasonable  stress  distribution  which  can  be  used  in  the  direct  design  method.  The 
present  approach  clearly  leads  to  excessive  shear  links. 
12.3:  Design  procedure 
Appendix  D  shows  design  recommendations  for  hollow  and  solid  reinforced  and 
partially  prestressed  beams. 
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Numerical  design  example  using  the  Truss  Analogy. 
Calculate  the  longitudinal  and  transverse  reinforcement  required  to  resist  32kNm 
bending  moment,  40kN  shear  force  and  l3kNm  torsion,  using  the  truss  analogy.  The 
cross-section  is  MOON=  with  50mm  wall  thickness.  Assume  under  reinforced 
section  and  the  longitudinal  and  transverse  steel  yield  stress  is  50ON/MM2. 
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t 
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Fig.  Al:  Definitions  and  dimensions 
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Fig.  A2:  Superposition  of  normal  forces  due  to  torsion  and  bending Appendix  A  Numerical  design  examole  usinR  truss  analojzv 
(it)  T/2A. 
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F21  IE  F2]  I--!  I 
F 
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Torsion  Shear  Torsion  +  Shear 
Fig.  A3:  Superposition  of  shear  stresses  due  to  torsion  and  shear  force 
Solution: 
M=  32kNm. 
V=  40kN. 
T=13kNm. 
h=b=  250mm. 
fy  =  fr  =5  OON/mm2. 
2 
A,,  =  250x250  =  62500mm 
The  bare  numbers  represent  the  comers  and  the  numbers  in  the  squares  represent  the 
sides  (Fig.  Al).  The  normal  stress  due  to  bending  and  that  due  to  torsion  are  added 
at  side  4  and  subtracted  at  side  8  (Fig.  A2).  The  shear  stress  due  to  torsion  and  that 
due  to  shear  force  are  added  at  side  2  and  subtracted  at  side  6  (Fig.  A3). 
Longitudinal  Reinforcement: 
For  ease,  assume  four  comer  longitudinal  bars. 
Due  to  Bending: 
m  32xlO6  2 
I, 
A,  (M)3  A.  (M)5 
f 
128mm 
hy  2x25Ox5OO 
Due  to  Torsion  and  Shear: 
Side2:  (Shear  stresses  added) 
A,  (T,  V),  = 
A,  (T9V)3 
=I  Th 
+  -ý  cot  a  2fx 
(2A. 
2) 
=I 
(13xl0f'x250+.  40xl  03 
cot  a  2x5OO  2x62500  2) 
=  46  cot  a  mm 
2- 
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Side6:  (Shear  stresses  subtracted) 
I  Th 
-1  A,  (T,  V)s  =  A,  (TV)7  =V  cot  a  2  fy  2  A,,  2i) 
I(  13xl 
06 
x250 
_40xl 
03 
cot  a  2x5OO  2x62500 
=  6cotamm 
2- 
Sides  4&8:  (Effect  of  torsion  alone) 
A,  (T,  V)3  =  A,  (T,  V)s  =  As  (TV),  =  A,  (TV),  =i( 
TO 
cot  a  2fy  ýýA.  ) 
I(  13xl 
06 
x250 
cot  a  2x5OO  2x62500  ) 
=  26  cot  a  mm'. 
Total  Longitudinal  Reinforcement: 
Corner  1:  (The  tensile  stress  due  to  torsion  and  shear  is  reduced  by  the  compressive 
stress  due  to  bending.  ) 
m 
2hfy 
=  (46  cot  a+  26  cot  a-  128)mm' 
=  (72  cot  a- 
128)MM2. 
Corner  3:  (The  tensile  stress  due  to  torsion  and  shear  is  added  to  the  tensile  stress 
due  to  bending.  ) 
A,  (3)  A, 
(TV)3  +m 
2  hfy 
=  (46  cot  a+  26  cot  a+ 
128)MM2 
=  (72  cot  a+ 
128)MM2. 
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Corner  5:  (The  tensile  stress  due  to  torsion  and  shear  is  added  to  the  tensile  stress 
due  to  bending.  ) 
A,  (5)=Y,  A,  (T,  V)5  +m 
2  hfy 
(6  cot  a+  26  cot  a+ 
128)MM2 
(32  cot  a+ 
128)MM2. 
Corner  7:  (The  tensile  stress  due  to  torsion  and  shear  is  reduced  by  the  compressive 
stress  due  to  bending.  ) 
A,  (7)=Y,  A,  (T,  V)7  -M  2  hfy 
=  (6  cot  a+  26  cot  a-  128)mm' 
=  (32  cot  a- 
128)MM2. 
Transverse  Reinforcement: 
The  general  equation  for  transverse  reinforcement  in  each  side  is: 
A'V  =  -L  =(  tan  a  (mm'  /  m). 
fr 
where  S=  stirrup  force,  r=  shear  stress  and  t=  wall  thickness. 
The  shear  flow  (it)  value  is  different  for  each  side  as  follows: 
side  2:  (02 
T+V 
2AO  2h 
side  6:  (zt)6 
T-V 
2AO  2h 
sides  4&8:  (04  =  008  =T 
2  AO 
Side  2:  (Shear  stresses  added) 
A,  (2)  =  --K-  +V  100  tan  a 
[7y, 
-(2A,,  Th)  01 
= 
[3  10(  IRIO' 
+, 
40xl  03 
loo  tan  a  0  2x62500  2x25O) 
01 
=  (368  tan  a)mm'  /  m. 
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Side  6:  (Shear  stresses  subtracted) 
f) 
A￿  (6)  = 
[-L  (T-v 
100  tana 
fy￿  2  A￿  ih  01 
1  06 
00 
(  13xl 
2x62500 
40x103 
100  tana 
2x250) 
01 
=  (48  tan  a)mm'  /  m. 
Side  4  and  8:  (Torsion  alone) 
A.,,  (8)  =IT  100  tan  a  A  fy., 
(ýA.  ) 
01 
1 
_3x1 
06 
100  tan  a  500 
(ilx625Oý) 
01 
=  (208  tan  a)mm 
2  /M. 
SUMMARY: 
Longitudinal  Reinforcement:  (mm  2) 
Corner  -3 
-  26.57' 
ZZ-=-MT  --=  --=  --MT-  -= 
Transverse  Reinforcement:  (mm 
2  /M) 
Me  24bB 
oL:,  -  26.57,  -TgT- 
Zl-=-MT  -7=  -7Tr-- 
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Effect  of  the  location  of  centre-line  on  the  value  of  torsional  stress  in  beams. 
In  this  research,  shear  stress  due  to  torsion  in  the  hollow  and  solid  beams  was 
calculated  using  the  following  equation: 
T 
r=-  2A.  t 
where;  r=  shear  stress  due  to  torsion 
T=  applied  torque 
A.  =  enclosed  area  by  the  centre-line 
t=  wall  thickness  of  the  beam 
The  shear  stress  due  to  torsion  is  directly  effected  by  the  enclosed  area  A.,  The 
larger  the  area  the  smaller  the  resulting  stress  and,  therefore,  the  less  steel  required. 
in  the  case  of  large  torsion,  assumption  of  large  A.  may  lead  to  a  premature  beam 
failure  due  to  insufficient  steel  provided.  Figure  CI  shows  three  different  locations 
of  centre-line  which  can  be  used  for  the  calculation  of  A.. 
238mm 
------------------------- 
Centreline  of  centres  of  longitudinal  steel 
250mm  Centreline  of  wall 
-------------------------- 
258mm 
---------------------------  Centreline  of  stirrup 
Fig.  C  1:  Tliree  possible  centre-lines  for  A,, 
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1.  centreline  connecting  the  centres  of  the  longitudinal  bars. 
. 
2.  centreline  of  the  wall  thickness  (this  was  used  in  the  design  of  beams  tested). 
3.  centreline  of  the  stirrup. 
For  the  300x3OOx5Omm  section  tested  in  this  research,  AO  can  be: 
1.  (A.  ),  =(238)2MM2,  in  the  case  of  using  the  centres  of  longitudinal  bars. 
2.  '  (A,,  )2=(250)2MM2,  in  tile  case  of  using  the  centre  of  wall  thickness. 
3.  (A,,  )3=  (258)2mm2,  in  the  case  of  using  the  centre  line  of  the  stirrup. 
Table  C  I:  Difference  in  stress  due  to  change  in 
'1'(kNm)  13  26  Ratior/T. 
Tj  (N/mrr?  )  2.30  4.59  1.1 
T2  (N/mmý)  2.08  4.16  1 
T3  (N/nun2)  1  1.95  3.91  0.94_ 
Table  C2  shows  required  reinforcement  for  two  beams  using  three  different 
centrelines. 
Elastic  stress  distribution  was  used  in  the  direct  design  mediod  (DDM)  and  the  angle 
of  the  compression  diagonals  in  the  truss  analogy  (TA)  was  used  as  45*. 
Table  C2:  Steel  requirement  for  different 
1  -v  ýi  b=h  A,  (DDM)-  AJDDM)  A,  (TA)  A.,  (TA) 
-kN. 
rn.  kN.  m.  kN.  rnm.  mrn  .  rnrn£Irn.  rnrn,  1.  rnnl'Irn. 
14.9  13  =  --Tzu-  --7= 
14.9  13  71-  --zu-  --22u- 
14.9  13  21  2öb  Z-  19 
14.9  39  ---M=  --77W--  -UM-  777 
14.9  39  624  --V7T-  --7UW- 
rX.  w-  --3U-  ---=  --uöw-  --58w- 
b  and  h  are  dimensions  of  the  enclosed  area  A.. 
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Design  procedures 
From  the  results  in  this  research,  the  following  design  procedures  are  recommended: 
DA:  Hollow  reinforced  beams  (Elastic  stress  distribution) 
Design  these  beams  based  on  the  largest  stress  where  the  shear  stresses  are  added 
and  where  the  bending  moment  and  torsion  are  also  largest. 
1.  Calculate  the  design  bending  moment  M,  torsion  T  and  shear  force  V  based  on 
the  loading  condition,  support  locations  and  geometry  of  the  beam. 
2.  Divide  the  cross-section  into  regions.  (Fig.  DI(a)). 
3.  Calculate  normal  stress  or.,  due  to  applied  load  at  the  centre  of  each  region 
(a.,  =  *1  /  I,  where  i=  region  reference).  (Fig.  DI  (b)). 
4.  Calculate  the  shear  stress  in  each  region  i  due  to  shear  force  (  -r,  h,,  where 
A 
I=  moment  of  inertia  of  the  cross-section,  b=  total  thickness  of  the  webs, 
Q=  fydA.  The  statical  moment  of  area  about  the  neutral  axis  of  the  area  above 
am 
the  section  where  the  stress  is  required).  (Fig.  DI  (c)). 
5.  Calculate  the  shear  stresses  due  to  torsion  (  r,  =T,  where  t=  thickness  of  2M. 
the  web  and  A,,  =  the  area  enclosed  by  the  centre  line  of  the  hollow  section).  (Fig. 
DI(d)). 
6.  Add  the  shear  stresses  to  get  the  design  shear  stress  for  each  region 
(  r,  =  rArjul  +  r,  ý, 
).  (Fig.  DI  (e)). 
7.  Calculate  the  ratio  of  the  normal  stress  to  the  shear  stress  (!!  -', 
ayi 
=0) 
, rj  T, 
8.  Based  on  step  7  select  the  design  case  and  equations  from  figure  3.8  which  is 
repeated  here  for  convenience. 
9.  Calculate  the  required  reinforcement. 
10.  The  largest  value  among  the  stirrup  areas  is  used  for  the  whole  cross-section. 
Also,  the  longitudinal  reinforcement  required  for  the  half  of  the  cross-section 
where  the  shear  stresses  are  added  is  used  in  the  other  half  as  well. Appendix  D  Design  Procedures 
CASE  I 
Y-steel  only  required 
Ns=O 
x 
N2 
NS=N  - 
XY 
-yY 
NX 
N2 
N=  NX  +  xy 
2  NX 
CASE  4 
No  steel  required 
NS=O 
x 
NS  =O 
(-1,  -I) 
NIf 
=N 
+NY 
N2  2 
_N  Y)2  (N,,  N 
+2 
x  +N 
4y 
NY 
JNxyj 
CASE  3 
X-  and  Y-  steel  required 
Ns  =  Nx+IN  I 
x  XY 
N8=N  +IN  I 
yy  XY 
N2=  -21N  XY 
I 
(0,0)  N., 
N., 
y 
CASE  2 
X-steel  only  required 
N2 
N3=N  - 
xy  ýX 
NX 
NS  =O  y 
N2 
N  =NY+-Xy  2  NY 
Fig.  3.8:  Boundary  graph  for  Nielsen's  design  equations 
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(a)  (b) 
rshr  rtor  r 
L-1 
D 
(C)  (d)  (e) 
Fig.  D  I:  Stress  distribution  in  reinforced  hollow  beam 
D.  2:  Hollow  partially  prestressed  beams  (Elastic  stress  distribution) 
Design  these  beams  based  on  the  largest  stress  where  the  shear  stresses  are  added 
and  where  the  bending  moment  and  torsion  are  also  largest. 
1.  Calculate  the  design  load  (M,  T  and  V)  based  on  the  loading  condition,  support 
locations  and  geometry  of  the  beam. 
2.  Divide  the  cross-section  into  regions.  (Fig.  D2(a)) 
Pi 
3.  Calculate  normal  stresses  due  to  direct  prestressing  forces  (a.,  where 
Ac 
P=  the  individual  axial  forces  in  the  prestressing  wires  after  deducting  all  loses 
and  A,  =  concrete  area.  (Fig.  D2(b)). 
4.  Calculate  normal  stresses  due  to  eccentricities  [a,,,  =(I:  Pjej)Y  I  I,  where  ej  = 
eccentricities  of  the  axial  forces  and  Y=  distance  between  the  neutral  axis  and  the 
extreme  fibre].  (Fig.  D2(c)). 
5.  Add  the  stresses  from  steps  3  and  4.  Check  that  large  tensile  stress  is  not  present 
in  the  top  flange.  Also,  check  that  the  compressive  stress  in  the  bottom  flange 
does  not  exceed  f.  -  otherwise  increase  the  section  or  concrete  compressive 
strength.  (Fig.  D2  (d)). 
6.  Calculate  normal  stresses  a.,  due  to  applied  load  at  the  centre  of  each  region 
I,  where  i=  region  reference).  (Fig.  D2(e)). 
7.  Calculate  the  net  (design)  normal  stresses  crx,  by  algebraically  summing  all 
normal  stresses  (Fig.  D2(f)).  Check  that  the  compressive  stress  in  the  top  flange 
does  not  exceed  f.. 
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8.  Calculate  the  shear  stress  in  each  region  i  due  to  shear  force  (  rshri  = 
VQ 
where  Ib 
I  and  b  are  as  given  in  step  4  of  section  D  1).  (Fig.  DI  (c)). 
9.  Calculate  the  shear  stresses  due  to  torsion  (  rtor  =T,  where  all  variables  are  2tAO 
as  defined  in  section  D  I).  (Fig.  DI  (d)). 
10.  ý  Add  the  shear  stresses  to  get  the  design  shear  stress  for  each  region 
(  r,  =  *rhd  +  r,,  ).  (Fig.  DI  (e)). 
11.  Calculate  the  ratio  of  the  normal  stress  to  the  shear  stress  (Ed  E2i 
=  0) 
r,  r, 
12.  Based  on  step  II  select  the  design  case  and  equations  from  figure  3.8. 
13.  Calculate  the  required  reinforcement. 
14.  The  largest  value  among  the  link  areas  is  used  for  the  whole  cross-section.  Also, 
the  longitudinal  reinforcement  required  for  the  half  of  the  cross-section  where  the 
shear  stresses  are  added  is  used  in  the  other  half  as  well. 
an 
N 
c 
-axe 
(a)  (b)  (c)  (d) 
-ax(F 
/T 
axqp  I 
- 
- 
(e)  (d) 
Fig.  D2:  Stress  distribution  in  partially  prestressed  hollow  beam 
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D.  3:  Solid  Reinforced  beams  ("Plastic"  stress  distribution) 
Design  this  type  of  beams  using  the  stress  distribution  shown  in  figure  D3. 
1.  Calculate  the  design  load  (M,  T  and  V)  based  on  the  loading  condition,  support 
locations  and  geometry  of  the  beam. 
2.  Divide  the  cross-section  into  regions.  (Fig.  D3(a)).  Note  that  regions  AO. 
p  and 
Atýn  have  normal  stresses  and  torsional  shear  stress  (No  shear  stress  due  to  shear 
force)  and  regions  Badd  and  B,,,  b  have  no  normal  stress  but  combined  shear  stress. 
. 
The  depth  of  the  A,,, 
mp  and  At,,  regions  can  be  taken  as  1/6  of  the  total  beam 
depth  and  the  width  of  the  shear  blocks  Badd  and  Bsub  can  be  taken  as  1/6  of  the 
total  beam  width. 
3.  'Calculate  the  normal  stresses  at  the  top  and  bottom  regions  (a,,  =M,  where  A 
Ad 
area  of  the  normal  stress  region  (A, 
(,  mp  or  Aj  and  d=  lever  arm  between  the 
centroids  of  the  compressive  and  tensile  regions  (Fig  D3(b). 
4.  Calculate  the  shear  stress  due  to  shear  force  (  r,  ý,  =V,  where  Aw  =  area  of  the 
A,, 
BW  and  Bsub  shown  in  figure  D3(c)). 
T 
5.  Calculate  the  torsional  shear  stress  (  rtor  =  WO 
),  (Fig.  133(d)). 
6.  Calculate  the  net  shear  stress  in  regions  B,,  dd  and  B,, 
ub 
(  ri  =  r8hri  ±  -rtorj 
7.  Calculate  the  ratio  of  the  normal  stress  to  the  shear  stress  0) 
8.  Based  on  step  7  select  the  design  case  and  equations  from  figure  3.8. 
9.  Calculate  the  required  reinforcement  in  each  region. 
10.  The  stirrup  area  is  the  average  of  (the  largest  area  in  the  region  where  the 
stresses  are  added  and  the  corresponding  area  at  the  same  level  on  the  other  side). 
The  area  of  the  longitudinal  reinforcement  in  each  half  of  the  cross-section  is  the 
average  of  (the  area  in  the  half  where  the  stresses  are  added  and  that  where  the 
stresses  are  subtracted). 
403 CrX  Tshr  'rtor 
ti  0 
Aten 
(a) 
r' 
(b) 
-I- 
(c)  ýi  : 
(d) 
Fig.  D3:  Stress  distribution  in  solid  reinforced  beams 
DA:  Solid  partially  prestressed  beams  (Elastic  stress  distribution) 
Design  this  type  of  beams  using  elastic  stress  distribution  similar  to  hollow  beams 
explained  in  section  D2  with  corresponding  values  for  1,  A.  as  for  solid  section  and 
the  section  is  divided  as  in  figure  D4.  The  stirrup  area  is  average  of  (the  largest  area 
in  the  region  where  the  stresses  are  added  and  the  area  at  the  same  level  in  the  other 
side).  The  area  of  the  longitudinal  reinforcement  in  each  half  of  the  cross-section  is 
the  average  of  (the  area  in  the  half  where  the  stresses  are  added  and  that  where  the 
stresses  are  subtracted). 
Fig.  D4. 
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